CS 59300 — Algorithms for Data Science
Classical and Quantum approaches

~ Lecture 16 (11/4)
~Quantum linear algebra toolkits (1)

https://ruizhezhang. comlcourse fall 2025 htmi

~ Theslides are borrowed from Dong An’s talk at IPAM



https://ruizhezhang.com/course_fall_2025.html

Quantum linear algebra toolbox

Basic linear algebra operations

Input models for vectors and matrices
Matrix-vector multiplication
Matrix/vector addition: linear combination of unitaries (LCU)

Matrix multiplication

Linear systems of equations

Eigenvalue problems (revisted)

Matrix functions

Functions of Hermitian matrices: quantum signal processing (QSP), qubitization

Functions of general matrices: quantum singular value transformation (QSVT), linear combinations of
Hamiltonian simulations (LCHS)
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Input model: vectors

Vector as quantum state:
2n—-1

0, :10) — z u;ilj) (state preparation oracle)
j=0

Constructing O, is generally hard, but easy in special cases (Grover-Rudolph '02; Zhang-Li-Yuan '22)
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Input model: matrices

Matrix as quantum gate (block-encoding):
Let A be a 2™-by-2™ matrix. A block-encoding of 4 is a 2™ %-by- 2™"*% unitary U, such that
A= a((0% @ NDU404) ® D)

Or equivalently,

_[A/a
=M
a is called the block-encoding factor and should satisfy a > ||A]|
U, is called an («a, a, €)-block-encoding of A

Constructing Uy is generally hard, but easy in special cases such as unitaries, sparse matrices,
special structured matrices (Gilyen et al. ’18; Camps et al. ’22)
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Matrix-vector multiplication

Inputs:

U,: an (a, a, €)-block-encoding for A €

n n .
C27%27 j.e.

A
Us = 1001 @ — + [0X1] @+ +]1)10] @+ +|1)(1] &+

U, state preparation oracle foru € c2" je.

21

Upl0) = 1) = ) wlj)

J=0

Algorithm: ‘apply the block-encoding’

|0) —
|u)

Ua

(7N
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A
Ua0)lu) ~ 10) @ = [u) + 1) @

e -

4

It succeeds if the
measurement outcome
equals to 0¢



Matrix-vector multiplication

Algorithm: ‘apply the block-encoding’

10)
|u)

Ua

(7N

Alu)

lA[w)|

(upon measure 0)

- The success probability = ([|A|u)||/@)?

A
Ua0)u) ~ 0) ® = [u) + 1) @

e -

- The number of repeats: 0((a/||A|u)||)2) or O(a/||Alu)||) (by
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Matrix addition: LCU

Linear combinations of unitaries (LCU): given a set of unitaries {Uj} and coefficients {cj}, compute

z GUj

J
Toy example: o A T T 8 =
1 1
§U0+§U1 lug) / Uo — Uy "
1
75100 + 1)) |uo)
%(m) Uo |uo) + 1) U |uo))
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Matrix addition: LCU

Linear combinations of unitaries (LCU): given a set of unitaries {Uj} and coefficients {cj}, compute

z GUj

J

0)lug) 2 ==y /571 I z f
0 el 4 NCUALY 0" —Op O, A
mz JG1) Ujluo) )

—> |0>2 lell UjluO) +1L) Prepare Oracle O, : [0) —
J

/

First register # 0

1 .
i 2V )

Select Oracle Os = Z ) U] ® U;

J
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Interlude: Uncompute

1 ) 0; Cj
> S5 Ujlug)—=10) ) = Ujlug) + 1)
Vel 4 . Tlell

By definition,

MZ JGli) = 10)

—I.

. . . 1 . Op
0. is a unitar matrix, so for any |v) L - [cilj), [v)—|L
p y VIvy L == /el [v)— 1)

N
Jlellx

Thus, for each j, we can decompose |j) into the parallel part and the orthogonal part:

Jiel;” \/uculzﬁf =Tl
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Interlude: Uncompute

1 ) 0; Cj
> 51 Ujlug)—=10) ) = Ujlug) + 1)
Vel 4 . Tlell

By definition,

MZ JGli) = 10)

_I.

: : : 1 : Op
0. is a unitar matrix, so for any (v) L - 1cilf), [lv)—|L
; y VIvy L == /el [v)— 1)
Thus, for each j, we can decompose o |j) into the parallel part and the orthogonal part:
1
JI 9 g
C
N~ o)
lcll4 llcll
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Interlude: Uncompute

07,

Jd i
\V
N
o

3
~

ancilla
registers

0w,

-— em = omm ol

— 0)

|

0m) — Uy —e—— U} —%— |f())

) — )

[07FWH0™)x) = [0™ W) f (x))|x)

See Sec. 1.7 in Lecture Notes on Quantum Algorithms for Scientific Computation (QASC)
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Matrix addition: LCU

Linear combinations of unitaries (LCU): given a set of unitaries {Uj} and coefficients {cj}, compute

z GUj

J

|o>|uo>—>|o>z|| Ul + [1) 0" —0 O} 1A

[uo)

Cost: O(llcll1/||X; ¢;Ujluo)||)
Prepare Oracle O, : [0) —

1 .
i 2V )

Select Oracle Os = Z ) U] ® U;

J
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Matrix addition

Given a set of block-encodings for general matrices {Aj} with ||A]|| < 1 and coefficients {cj},

compute the block-encoding for Zj CjA;

LCU for block-encodings:

0) — Op Oﬂ; A
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Vector addition

Given a set of vectors {uj} and coefficients {cj}, compute Zj CjU;

Construct the state preparation oracles Ouj:

OUj 2 |0) & |uj>

Apply LCU to {Ouj} and {Cj}:

zcj()u,- 10) = ZCJM)

J J
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Matrix multiplication

eeeeeeeeeeeeee

two unitaries UyUy:

Uy

two matrices A4, (with block-encodings):

0) —

|u)

Ua

0

Us

1

(7N

7?77 x

L 1 R G 1 el A B el



Matrix multiplication

ug) —
0), VA A

7\

(10Y0Aplug) + [L)ol*))[0)4 1000 (A140|ug)0)1 + [#)[ L)1) + [ Ldol*)|*)1
=100)g14145|up) + [ L)o1|*)

Drawback: multiplication of L matrices requires O (L) ancilla qubits
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Matrix multiplication: qubit-efficient approach

Compression gadget (Low-Wiebe "18; Fang-Lin-Tong "22): O(log L) extra ancilla qubits

Counter — ADDZL

ADDT

Ancilla —

State —

Vi

l

/

e

|L>c|0>a‘41|u> + |L>C|J->Cl|*)
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/

Vo

ADDT

ADDT —

l

Vi

+ (LYl L)gl*)

|L _ 1>c|0>aA1|u>

d

N

o
\\ T~

|L T 1>c|0>aA2A1|u>

+ (LY *)q*)
+ |L o 1>C|J->a|*>

S

|L _ 2>c|0>aA2A1|u>

+ [L — 1)¢]0)q]*)
+ L)l LYal*)

Final state: [0)¢[0}q Ay - A1|u) + X jsolidel*)al*)
ADD : |0) - |1) - |2) - -+ = |L) = |0)

16



Quantum linear algebra toolbox

- Basic linear algebra operations

Input models for vectors and matrices
Matrix-vector multiplication
Matrix/vector addition: linear combination of unitaries (LCU)

Matrix multiplication

« Linear systems of equations
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Quantum linear system problem (QLSP)

Classical version: given an N-by-N Hermitian matrix A, and a vector b, compute
x =A"1b

For non-Hermitian A, consider dilation: L?T ’3] [2] = g]

Quantum version: given a block-encoding for 4 (assuming ||A|| = 1) and a state preparation oracle
for |b), compute an e-approximation of the quantum state:

A7'|b)
IA=*[D)|

X)) =l <e  |x)=

Parameters:
Condition number: k :== ||[A||||A7]| = [|A7Y|

Accuracy €
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Harrow-Hassidim-Lloyd (HHL)

QLSP as an eigenvalue transformation problem:

Consider the eigen-decomposition: A = Z]- /1j|vj)(vj|

b) =X, B;|vy)
Al by = ) 27? AN
by = ) 4 i)l Bilvi) | = ) >~[w)
j j i
Need to do:
1. Store the information (binary encoding) of A;’s in an ancilla register coherently — QPE

2. Multiply the factor Aj_l to each eigenvector |vj)
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Harrow-Hassidim-Lloyd (HHL)

Need to do:

1. Store the information (binary encoding) of A;’s in an ancilla register coherently

|0> — H IS 7

|0> H . .I._/74
QFT

0) —H . 7

0) —H T 7

|b) e—iHT || o—20HT || —2%iHr | ... | 2t liH7

Uqrel0)Ib) = > Bi|75)]v;)
J
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Harrow-Hassidim-Lloyd (HHL)

Need to do:

1. Store the information (binary encoding) of A;’s in an ancilla register coherently

2. Multiply the factor /’lj_l to each eigenvector |vj)

Controlled rotation:

C C2
Ucrl0)|4;) = I'OH 1—/1—2|1> |2;)
J \ j

See Sec. 4.3.2 of QASC if you want to know how to implement Ucr
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Harrow-Hassidim-Lloyd (HHL)

0)
0¢) —

Uqpre
|b) — /
|0>Zﬁj|/11)|vj>

November 5, 2025

Z&( o) + /1——2|1>>|a>|v]>

Zc 10|27} + * [1)]25)]v)

T
UQPE

22

S 2 i010)y;) + 1110}
7 ]



Harrow-Hassidim-Lloyd (HHL)

Final state of HHL:

IO)Z C%h}j) +|L) = |0)CAL|b) + | L)
> j

We need to choose C so that /,li <1,ie., C <|A] N
g - C ~1/k
The success probability = ||CA™Y|b)||? = C?||x]|?, so we want C to be large
C11iAn2 5 iz _, IB)I? 5
Pr[succ] = [|CA™*|b)||* = k== - ||A™|b)||* = k= - A2 =K

Number of repeats: O (k1)

What is the cost of QPE?
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Harrow-Hassidim-Lloyd (HHL)

Due to the approximation errors from QPE, the actual final state is

Bj _
2,67

where 4; = 4;(1 + ¢;) with |e;| < €/4

For the unnormalized solution,

- 1 1 ﬁ] —ej
I — x|l = Zﬁf<f,-7j>|”f> < Za,.<1+ej>|”f> = 0(@llxI
J J
For the normalized solution state,
112) — 1)l = | H | Ladll g ekl PR
1 x|l ||| lxl|  —
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Harrow-Hassidim-Lloyd (HHL)

Due to the approximation errors from QPE, the actual final state is
Bj 1
10) C7|vj)+ll)z|O)CA |b) + |L1)
7 j
where 4; = 4;(1 + ¢;) with |e;| < €/4
Thus, QPE requires an addition error to within eqpg = 0(4p€) < €/k
The cost of Ugpg is O(k/€)

Overall complexity of HHL: O(x?/¢€)

Caveat: QPE requires Hamiltonian simulation e "% and the 1/€ in the complexity
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QLSP via LCU (Fourier approach)

Key identity:

j dyj ze~2"/2g=ixyzy
0 v/ —oo |

|
—\2mite=t*/? ‘

t=xy

0o 0 1
Vodd f0)st | fOdy=1, | fawdy =1
0 0

X
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QLSP via LCU (Fourier approach)

Key identity:

1 i * * 2 .
—=——| d j ze % /2p-ixyz,
X VZTL'-[() Y — 00

It also holds for matrix:

i (00 (00 .
A= f dy f ze~72/2¢=ivzA g,
0 —00

- Y Z _

~ L [ dy r Ze—Zz/Ze—iyZAdZ Y =0 (K\/lOg(K/E)),

VZnJO J_y Z=0 (\/log(K/E))

Pt K Y Z _ 2

LS, S et Lo~ el ~ 0 [ e
1T

=0 k=K =0 (K\/10g(’€/€))
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QLSP via LCU (Fourier approach)

It also holds for matrix:

-1 K Y=0 (K\/log(ic/e)),
i 2 :

Al = —z A, z A,z e %k/2e 71V jZKA Z=0 (Jlog(;c/e))

V21 = =

0

LCU cost: O(K\/log(rc/e))

Hamiltonian simulation e 7*47 cost: Tpolylog(1/€) = kpolylog(i/€)

Overall complexity:

K+/1og(x/€) x kpolylog(x/€) = k?polylog(x/€)
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QLSP via LCU (Chebyshev approach)

1—-(1-x2)"
- X

1
- Vx € [-1,—k] U [k, 1] d ~ k?log(x/€)







QLSP via LCU (Chebyshev approach)

1—-(1-x2)"
- X

1
- Vx € [-1,—k] U [k, 1] d ~ k?log(x/€)

Chebyshev polynomials
T.,(cos 8) = cos(nf)
Th1(x) = 2xT,(x) — Tpoq (%), To(x) =1, T1(x) = x







QLSP via LCU (Chebyshev approach)

1—-(1-x2)"
- X

1
X

Chebyshev polynomials
T.,(cos 8) = cos(nf)
Tn+1(x) - ZxTn(x) - Tn—l(x);

November 5, 2025 31

Vx € [-1,—k] U [k, 1] d ~ k% log(k/€)

To(x) =1L, Ti(x) =x




QLSP via LCU (Chebyshev approach)

kpolylog(x/€) d
-1 j| o-2d 2d
Al ~ 4 Z (-1’ 2 z oy T2j+1(A)
j=0 i=j+1

The LCU cost = ||c]|; = 0(\/3) = O(K\/log(K/e))

||T2j+1(A)|| < 1 but it is non-unitary, so we need to construct a block-encoding for it
> Suppose it has a cost O(j) < kpolylog(x/e€)

Overall complexity:

K\/log(rc/e) X kpolylog(x/€) = k?polylog(x/€)
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QLSP via Adiabatic quantum computation (AQC)

Schrodinger equation:

0| () = H(t/T) |y (D)), t €[0,T]

H[)(0)) = Alyo)
Adiabatic evolution:
Start from an eigenstate of the initial Hamiltonian H(0)
H(t/T) is changing slowly (i.e. T is large enough)
Gap condition is satisfied

The final state |y (T)) will approximate the eigenstate of H(1)
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QLSP via Adiabatic quantum computation (AQC)

(Vanilla) AQC for QLSP:

_ [0 @ _[ 0 AQp
Ho=lg, o) H=lou o]
p =1 —|b)b]
H(s) =(1—-s)H, + sH;
H, has two eigenstates with eigenvalue O: b and 0] =
0 ) b T 05/
o N ©
H; has two eigenstates with eigenvalue O: )(; and g S o
LU LD ©
bl .. . X .g’v-o.s—
If we start from ’O]' it will be evolved to ’0_ i
QLSP = (Time-dependent) Hamiltonian simulation -1

T
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QLSP via Adiabatic quantum computation (AQC)

Quantum adiabatic theorem (Jansen-Ruskai-Seile '06).

Assume gap A(s), then the distance between the dynamics and the eigenvector can be bounded
by

IH' O NH' &I 1 5 (IIH" @I [H (@)]|?
() :0<TA(O)2 T TAGs)? +TJO ( NOHEOE )dT)

&
o

To bound the errorby e, T ~ A;3e™ 1

In QLSP, A, ~ k1

Thus, T ~ k3¢~ 1

Eigenvalues of H(t)
o
(@] o

]
k.

YT
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Time-optimal AQC for QLSP

We can interpolate H(s) = (1 — f(s))Ho + f(s)H; with a clever design of f(s) such that

0P (t)) = H(t/T)|y(t)),

|H'(s)]| is small when the gap A(s) is small

An-Lin ’19:
AQC(p):  YE)
ds
T =0(k/e)

November 5, 2025

D K
=cA(f)) = f(s) =
K—1
1
T 05 ’30'8_
° g0 6
)] .
S o =
g D04
o S
205/ P02
-1 ‘ ‘ ‘ ‘ 0
0 02 04 06 08 1

t € [0,T]

/T

36

(

| —AQC(p-2)

=== \/anilla AQC
== AQC(p=1)
AQC(p=1.5)

0 0.2

0.4

T

0.6

0.8 1

1

1—-(1+s@Pt—1)t-»

)



- Quantum Adiabatic Theorem gives a linear rate error decaying

- To improve the e-dependence, we need higher-order convergence, i.e. error ~ T ¥

- This is true if f(s) satisfies the boundary cancellation condition: all derivatives of H(f(s))
vanishes at the boundarys = 0ands =1

« An-Lin’19:

AQC(exp): f(s) = c’f exp <_x(11— x)) dx
0

- T = kpolylog(k/€) -~ 1
- Lower bound for QLSP:

o
o
o
o

o
(o2}

o o
RN B

Eigenvalues of H(t)
S
o o
Scheduling f(s)

o

1
—h

0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
vT uT

o
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Quantum linear algebra toolbox

- Basic linear algebra operations

Input models for vectors and matrices
Matrix-vector multiplication
Matrix/vector addition: linear combination of unitaries (LCU)

Matrix multiplication
- Linear systems of equations
HHL: k2 /e
LCU (Fourier and Chebyshev): k2 log(1/€) (Can be improved to k log(1/¢€) via VTAA)
AQC: klog(1/€) (optimal)
Recent survey: arXiv:2411.02522v3
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Input model: matrices

Matrix as quantum gate (block-encoding):
Let A be a 2™-by-2™ matrix. A block-encoding of 4 is a 2™ %-by- 2™"*% unitary U, such that
A= a((0% @ NDU404) ® D)

Or equivalently,

_[A/a
=M
a is called the block-encoding factor and should satisfy a > ||A]|
U, is called an («a, a, €)-block-encoding of A

Constructing Uy is generally hard, but easy in special cases such as unitaries, sparse matrices,
special structured matrices (Gilyen et al. ’18; Camps et al. ’22)
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Construct block-encodings

Block-encoding always exists:
Let A be a general matrix with ||A]| < 1

Consider the SVD A = WXVT, where ¥’s diagonal entries are in [0,1]

5

We have a (1,1,0)-block-encoding for A:

us=[o ]

. JI-32
JI—-32 -3
A Wﬁ]
JI—x2pt 3
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Construct block-encodings

Diagonal matrix:

Let A be a diagonal matrix given by the quantum oracle:

04+ 10)]i) - (Au-|o>+\/1— |A%l-||1>>|i>

U, == 04isa (1,1,0)-block-encoding for A:
(O[(j1U4[0}i) = A;;6;5 Vi,j € [N]
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Construct block-encodings

Sparse matrix:
Let A be a sparse matrix such that each row/column has < § = 2° nonzero entries

Three input oracles:

Or|Di) = [r (@, D)D)
OcIr)j) = leG, i)

0410)|0}j) = (Aa-IO) + \/1 - |A?i|ll)> [D1))

r(i, 1) is the position of the [-th nonzero entry in the i-th row

c(j,r) is the position of the r-th nonzero entry in the j-th column
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Construct block-encodings

Sparse matrix:

D n Oa D e
/ O, SWAP o)

/ \ \ 1 S—1
— ) Aciim,il0) NG, r)) + [1)]*)
\ﬂggz; 1r)]

15—1 15_1 . .
|0>ﬁz|r>|]> |0>T§Z)|CO;T)>|]> s
=0 = 1
— ) Acin),il0c(G, ) ) + [1)]*)
ﬁZ .y
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Construct block-encodings

Sparse matrix:

|
0) : 7| 10)
:
|
(S,n+1,0)-b.e. [0") — D Oa : D ——® 10)
O, SWAP | ! | Of
b) | i)
:
1 S—1 1 S—1
— > A 10) e, ) + 1)+ — L D)
ﬁz@ G0V NG, ) + 1)) ﬁ;m G, D))
S—-1
. N 1
OIOIGIUAONO) =5 ) Acims SictimSiran = 5Ai
L,r=0
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