CS 59300 - Algorithms for Data Science
Classical and Quantum approaches

Lecture 17 (11/6)
Quantum linear algebra toolkits (11)

https:Ilruizhezhang.comlcoui’se fall 2025.html

The slides are borrowed from Dong An’s talk at IPAM


https://ruizhezhang.com/course_fall_2025.html

Quantum linear algebra toolbox

- Basic linear algebra operations

Input models for vectors and matrices
Matrix-vector multiplication
Matrix/vector addition: linear combination of unitaries (LCU)

Matrix multiplication

« Linear systems of equations
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Quantum linear system problem (QLSP)

Classical version: given an N-by-N Hermitian matrix A, and a vector b, compute
x =A"1h

. : A .. [0 A1101 _[b

For non-Hermitian 4, consider dilation: [AT O] [x] = _0]

Quantum version: given a block-encoding for A (assuming ||4|| = 1) and a state preparation oracle
for |b), compute an e-approximation of the quantum state:

A7'|b)
IA=H D)

X)) =l <e  |x) =

Parameters:
Condition number: k :== ||A||||A7Y]| = ||A~Y]

Accuracy €
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Harrow-Hassidim-Lloyd (HHL)

QLSP as an eigenvalue transformation problem:

Consider the eigen-decomposition: A = Zj /1j|vj)(vj|

by = % Bj|v;)
1 1 /3
A77|b) = A |v; (v ﬁ]l”] = /1_
Need to do:
1. Store the information (binary encoding) of 4;’s in an ancilla register coherently — QPE

2. Multiply the factor /1]-_1 to each eigenvector |vj)
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Harrow-Hassidim-Lloyd (HHL)

Need to do:

1. Store the information (binary encoding) of 4;’s in an ancilla register coherently

QrT!

I PARPNRPN

e iHT [ —2iHT || e—QZiHT . ] e—zt—liHr

Ugrel0)B) = ) BT v))
J
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Harrow-Hassidim-Lloyd (HHL)

Need to do:

1. Store the information (binary encoding) of 4;’s in an ancilla register coherently

2. Multiply the factor /1]-_1 to each eigenvector |vj)

Controlled rotation:

2

C C
UcrlO)| ;) = Z10)+ [1-—311) |2,)
J \ j

See Sec. 4.3.2 of QASC if you want to know how to implement Ucg
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Harrow-Hassidim-Lloyd (HHL)

0)
04) —
UqprE
|b) — /
|0>Z:8j|’1]>|vj>
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J
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6
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Harrow-Hassidim-Lloyd (HHL)

Final state of HHL:

'O>Z c%vj) + L) = |0YCA~1[b) + | L)
I ]

We need to choose C so that £ <1,ie,C <] N
J - C~1/k
The success probability = ||CA~|b)||? = C?||x]||?, so we want C to be large
—1 ]\ ]2 —2 —1 V]2 _, llIB)I? —2
Pr[succ] = [|CA~|b)||* = k== - ||A~|b)||* = k= - W =K

Number of repeats: O(x~1)

What is the cost of QPE?
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Harrow-Hassidim-Lloyd (HHL)
Due to the approximation errors from QPE, the actual final state is
lBj N -1
|O)ZC7j|vj)+|L)~|O)CA 1B + 1)

where /T] = /1]-(1 + ej) with |ej| <e/4

For the unnormalized solution,

1 1 ﬁ] —ej
X —x|| = N=—=—1[v)l < z % = 0(e)l|lx
1% — x| Zﬁ,(/lj Aj)l =12 Aj(1+e,.>| || = o@lixl
j j
For the normalized solution state,
¥ X x| [1%—xl|
%) — [ = [ — Hs‘1— " <e
x|l Il x| | x|
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Harrow-Hassidim-Lloyd (HHL)

Due to the approximation errors from QPE, the actual final state is
B; 1
10) > C=|v;) + L) =~ |0)CA~|b) + | L)
7oA
where 1; = /1]-(1 + ej) with |ej| <e/4
Thus, QPE requires an addition error to within eqpg = 0(4g€) < €/k
The cost of Ugpg is O(x/€)

Overall complexity of HHL: O(x?/€)

Caveat: QPE requires Hamiltonian simulation e ™*4 and the 1/¢€ in the complexity
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QLSP via LCU (Fourier approach)

Key identity:

l=—l j dyj ze % /2g-1xy2,
X 2T 0 —

\ @ ]

I
_\2mitet*/? ‘

t=xy

00 00 1
vV odd f(y) s.t. f f(y)dy =1, j flxy)dy ==
0 0

X
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QLSP via LCU (Fourier approach)

Key identity:

N
X 21 0 — 00

It also holds for matrix:

i (0 0] (0 0] .
A1 = T f dy f ze~72/2¢= 74,
T Jo — 00
N rzze—zz/ze—iyzAdZ Y =0 (K\/log(K/E)) )
‘/_ J Z=0 (\/log(ic/e))

-7
£ Y Z —Z2/2
2 A,ze zk/z —iyjziA LCU cost = ||C||1 ~ fO dy fO 7o dz

Y

Jo

. J-1
\/__Z - =0 (K\/log(}c/e))
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QLSP via LCU (Fourier approach)

It also holds for matrix:

=0 (K\/lOg(K/E)) ,

J- K v
z 2 A,z e~ 7k/2e 1V ZiA Z=0 (\/log(K/E))

ﬁ\

LCU cost: O(K\/log(ic/e))

—1AT

Hamiltonian simulation e cost: Tpolylog(1/e) = kpolylog(x/¢€)

Overall complexity:

i/ 1og(k/€) x kpolylog(x/€) = k?polylog(k/€)

November 6, 2025 12



QLSP via LCU (Chebyshev approach)

1-(1—-x»1
- X

vx € [-1,—k] U [k, 1] d ~ k*log(k/e€)

\L
2 3 4 5 6

1
X
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QLSP via LCU (Chebyshev approach)

1-(1—-x»1

1
X X

vx € [-1,—k] U [k, 1] d ~ k*log(k/e€)

Chebyshev polynomials
T,,(cos8) = cos(nb)
Tny1(x) = 2xT(x) — T (%), To(x) =1,Ty(x) =x

November 6, 2025 14



QLSP via LCU (Chebyshev approach)

1-(1—-x»1

1
X X

vx € [-1,—k] U [k, 1] d ~ k*log(k/e€)

Chebyshev polynomials
T,,(cos8) = cos(nb)
Tny1(x) = 2xT(x) — T (%), To(x) =1,Ty(x) =x

1-a-x) e N (24,
" = jZO(— ) 2 <d+i> 2j+1(x)
d

i=j+1
! 2d
z4z(;(—1)f<2-2d Z <d+i>) Tpje1(x) ] ~+dlog(d/e)
]:

i=j+1
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QLSP via LCU (Chebyshev approach)

kpolylog(x/€) d

. 2d
At~ 4 z (1)) | 272 Z (d +i> Tpje1(A)

The LCU cost = ||c||; = 0(\/3) = O(K\/log(ic/e))

° ||T2j+1(A)|| < 1 butitis non-unitary, so we need to construct a block-encoding for it
» Suppose it has a cost O(j) < kpolylog(k/¢€)

Overall complexity:

K\/log(ic/e) X kpolylog(k/€) = k?polylog(k/€)
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QLSP via Adiabatic quantum computation (AQC)

Schroédinger equation:

0|y () = H(t/D)P(0)), t €[0,T]

H{(0)) = Alho)
Adiabatic evolution:
Start from an eigenstate of the initial Hamiltonian H(0)
H(t/T) is changing slowly (i.e. T is large enough)
Gap condition is satisfied

The final state [¢/(T)) will approximate the eigenstate of H(1)
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QLSP via Adiabatic quantum computation (AQC)

(Vanilla) AQC for QLSP:

0 @p
n=[2 2

° 1@, 0

Qp =1 —|b)b|
H(s) =(1—-s)H, + sH;

: L D] (07
H, has two eigenstates with eigenvalue O: 0 and b
H; has two eigenstates with eigenvalue O: 0 and b

If we start from [8], it will be evolved to [g

QLSP = (Time-dependent) Hamiltonian simulation
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QLSP via Adiabatic quantum computation (AQC)

Quantum adiabatic theorem (Jansen-Ruskai-Seile '06).

Assume gap A(s), then the distance between the dynamics and the eigenvector can be bounded
by

NH'(O)| WH'OHI 1 S/AH" (I [H ()]
n(s) :0<TA(0)2 YO +?f0 ( A2 T AG): )dT>

O
o

To bound the errorby €, T ~ A;3e™1

In QLSP, A, ~ k1

Thus, T ~ k3¢~ !

o
o

Eigenvalues of H(t)
o

i
ke

CyT
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Time-optimal AQC for QLSP

0|y () = H(t/D)p(0)), t €[0,T]

We can interpolate H(s) = (1 — f(s))HO + f(s)H, with a clever design of f(s) such that
|H'(s)|| is small when the gap A(s) is small

An-Lin’19:
df(s) p 1
ACE): R @) = ) =——(1- (14507 - D))
1
T =0(k/e) = _08]
H;J :;0.6-
= 0 S
s 804 | |
gos %o e
AQC(p=1.5)
1 ‘ | | | 0 | | ~ |=—AQC(p=2)
0 02 04 06 08 1 0 02 04 06 08 1

t/T t/T
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- Quantum Adiabatic Theorem gives a linear rate error decaying

- To improve the e-dependence, we need higher-order convergence, i.e. error ~ T X

- This is true if f(s) satisfies the boundary cancellation condition: all derivatives ofH(f(S))
vanishes at the boundary s = 0ands =1

« An-Lin’19:

AQC(exp): f(s) = f exp (— x(ll— x)) dx
0

- T = kpolylog(x/e)
- Lower bound for QLSP:

—

o
o

f(s

o L

Eigenvalues of H(t)
o

o
(6]
Schedulin

1
—

0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

o
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Quantum Zeno effect (QZE)

Projective measurement:
Let P be a projector “implemented” in guantum

We can apply P to a quantum state |y):

, Pl)
w.p. [[P|)I%, 1Y) — IP1)l]

~ . PLly)

Quantum Zeno effect

Suppose h/}O); |¢1>) ey |l/)M> S-t' |<l/)l—1|l/)l>|2 2 1 - O(M—l)
Let P; := |1;{(y;| be the projector for each i € [M]

With O(1) success probability, we can convert |Y,) to [y,,) by applying projective
measurements Py, P,, ..., Py, to |Y,)
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QZE for adiabatic algorithms

o
o

Continuous AQC
path:

Eigenvalues of H(t)
o

=4
n

1

0 0.2 0.4 0.6 0.8 1
vT

. Let [x(t)) be the ground state of H(t)

- Choose 0 =ty <t; <t, <-- <ty =1suchthat |[{x(t — 1)|x(t))| is sufficiently large
- Implement the projector P; := |x(t;)){x(t;)]| (i.e. the ground state projector) in block-encoding

- By QZE, we can convert |x(0)) to |x(t,;)) = |x) without time-dependent Hamiltonian simulation
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Quantum linear algebra toolbox

- Basic linear algebra operations

Input models for vectors and matrices

Matrix-vector multiplication

Matrix/vector addition: linear combination of unitaries (LCU)

Matrix multiplication
- Linear systems of equations
HHL: x%/€
LCU (Fourier and Chebyshev): k2 log(1/¢)
AQC: klog(1/e) (optimal)
Recent survey: arXiv:2411.02522v3
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Application of QLSP: guantum SVM

Classification:
Input: training data {(X;, ¥;)}ie[n], Where y; € {£1}; kernel function K (-,-)

Goal: learn a classifier

F(x) = sgn (Z wiK(xi,x)>

Support vector machine (SVM)

K y) = ¢(x)"p(y), where ¢(-) is a given feature map

ninz WUZ (K
st oywTdx) = l—e,  Vie[N = p(x)Tp(x;)
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QSVM

Construct the block-encoding of the kernel matrix K;; = K(xi,xj)

Construct the block-encoding of the matrix H = K + y I

Apply the QLS solver to prepare the state |w) = H™1|y)

For each test data x:
Compute f(x) = XL, w;K (x;, X) F(x) = (WK(, %))
Output sgn(f(x))

We can prepare |K(-,x)) and use the
swap test to estimate the inner product

0) {B——{EHTF

Complexity: O(kxa polylog(NM)log(e™1))

a: block-encoding normalization factor

XK
M: dim of feature space; N: number of data ’gb)

¥) X
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Input model: matrices

Matrix as quantum gate (block-encoding):
Let A be a 2™-by-2™ matrix. A block-encoding of A is a 2" %-by- 2™*2 unitary U, such that
A= a((0 ® DUL(0%) ® 1)

Or equivalently,

o~

X

a is called the block-encoding factor and should satisfy a = || A||
U, is called an (a, a, €)-block-encoding of A

Constructing Uy is generally hard, but easy in special cases such as unitaries, sparse matrices,
special structured matrices (Gilyen et al. "18; Camps et al. ’22)
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Construct block-encodings

Block-encoding always exists:
Let A be a general matrix with [|4]] < 1
Consider the SVD A = WXVT, where ¥’s diagonal entries are in [0,1]
We have a (1,1,0)-block-encoding for A:

. — [W O] 2 VI — X2 [VT O]
o lo T 3 0 I
Wﬁ]

A
VI =32yt —X
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Construct block-encodings

Diagonal matrix:

Let A be a diagonal matrix given by the quantum oracle:

04 ¢ 10)]2) + (Aii|o> +J1 - |A§i||1>> i

U,y == 0y4is a(1,1,0)-block-encoding for A:
(0[(jlU4l0} i) = A;;6;; Vi,j € [N]
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Construct block-encodings

Sparse matrix:
Let A be a sparse matrix such that each row/column has < § = 2° nonzero entries

Three input oracles:

O |Di) = |r (@, DNi)
Oclr)j) = leG,mNN))

0410010} = <Aii|0> + \/1 - |A?i|ll>> [D)17)

r(i, 1) is the position of the [-th nonzero entry in the i-th row

c(j,r) is the position of the r-th nonzero entry in the j-th column
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Construct block-encodings

Sparse matrix:

0) W
D " O D X
/ O, SWAP | | O}

/ \ \ e
2|co ) 75 2, Acins O MG +1019
S—-1

= X/_ZAC(] MG, 1)) + 1))
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Construct block-encodings

Sparse matrix:

|
0) : > 10)
l
|
(S,n+1,0)-b.e. [0") — D O : D —>| 10)
O, SWAP | ! | Of
b) | i)
:
1 S—1 1 S—1
— > Acin 10V NG, )Y + [1)]% — L, D)
\@zo G 10) DG, P) + (1)) ﬁ;mnr(l D)i)
S—1
M M 1 1
OOIUANON) =< > Acts Sictimdirtin =5 A
L,r=0
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