CS 59300 — Algorithms for Data Science
Classical and Quantum approaches

~ Lecture 18 (11/11)
© Quantum linear algebra toolkits (1)

https://ruizhezhang. comlcourse fall 2025 htmi

The slides are partly based on Dong An and Lin Lin’s talk



https://ruizhezhang.com/course_fall_2025.html

Quantum linear algebra toolbox

- Basic linear algebra operations
- Linear systems of equations

« Matrix functions

Functions of Hermitian matrices: quantum signal processing (QSP), qubitization
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Matrix functions

For Hermitian matrices: eigenvalue transformation

4 = Vdiag(A vt L5 F(A) = Vdiag((f APV

For non-Hermitian matrices: singular value transformation

4 =Wdiag({o )Vt -5 f(4) = Wdiag({f (s) DV
T fa) = vdiag({f (o) PV

T ra) = wdiag((f (o)W
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Matrix functions

Main result

Suppose that U, is the block-encoding of a Hermitian matrix A with [|A]| < 1, and p(x) is a real-
coefficient polynomial such that

1. deg(p) =d
2. |px)| <1forallx € [—1,1]

Then, p(A) can be block-encoded with complexity O(d)

QLSP: f(x) = %

Hamiltonian simulation: et = f;(x) = cos(xt) and f,(x) = — sin(xt), then by LCU
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More applications

Eigen-filtering:

Amplitude amplification:

1 ~ 1
UI0)p) = ~10)Alp) +11) —  TI0)w) == 10)Alp) + 1)

f(x)=ax/2 forallx e [-1/a,1/a]

2

f(x) = p(x) with deg(p) = O(alog(1/¢))
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Matrix functions

Main result

Suppose that U, is the block-encoding of a Hermitian matrix A with [|A]| < 1, and p(x) is a real-
coefficient polynomial such that

1. deg(p) =d
2. |px)| <1forallx € [—1,1]

Then, p(A) can be block-encoded with complexity O(d)
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Chebyshev polynomial

For A = cos(8) € C'*, how to block-encode Ty (A4) = Tj(cos(8)) = cos(kB)?

Consider the 2 X 2 matrix:

—\/1——12] _ [COS(H) —sin(@)]
A

sin(8) cos(6)

Then, it is easy to check that
ok — [cos(k@) —sin(k@)] _ [Tk(/l) *]
sin(k8) cos(k6) * ’
which is a (1,1,0)-block-encoding for T}, (A)

X

What about a general Hermitian matrix A?

Qubitization (Low-Chuang '16): apply O* to each 2-dimensional invariant subspace
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Qubitization with Hermitian block-encoding

For A = Y A;|v; {v;]|, suppose U, is its Hermitian block-encoding (U, = U;{)

Apply U, to an eigenstate |0)|v;):
UalO)v;) = [0)Alv;) + | L) = 4;[0)|v;) + |1 —A7[L;)

Apply U, again:

10} v;) = UZ|0)|v;) = 4 </1i|0)|17i> + [1- /112|J—i>> + /1 — 22Uyl Ly)

= Uy|L;) = [1—=22|0)|v;) — A Ly)

H; == span{|0)|v;),|L;)} is an invariant subspace A
[UA]}[i =
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Qubitization with Hermitian block-encoding

[UA]}[i —
For the block-encoding projector I1 = [0){0]| @ I, define
1 0

Iy =211 — 1, [Zn)se, = [0 _1]

For O == UyZy,
A = /1 — X7
(013, =
/1 — 2? +2;
« Thus,
k= [Te(A) = k_ [Te(A) =
[0]7{"_[ *l *]' 0_[ * *]

(CN+1 — :]—[O @ ”'@}[N—l
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Qubitization with Hermitian block-encoding

e Uy=Ul, =010 ®1, Zg = 211 —1I

o Urpa) = UaZp)"
0) 0) — [1) | L)

0)|0) + [1) | L) \ 1) (10) —1[L1))
1) (10) + L)) /
T~ ,\\ """""""

| ) D™ Z 1P ‘:
0) T L
u) i UA —E—

n repeat k times



Qubitization

For A = Y A;|v;(v;|, suppose Uy is its block-encoding but non-Hermitian
Apply U, to an eigenstate |0)|v;):
Ugl0)|v;) = |0)A|vy) + | L) = 4;10)|vy) + |1 = AF| L))

Apply U to [0)|v;):

t_[4 >
US0)|vy) = 2100wy + |1 — 22| L)) ur =17 ]
Apply Uy, again:

10)|v;) = 44 (Ai|0)|vi) + /1 — /1?|l§)) + /1 — A2U | L))

= Uy|L;) = [1—=27]0)|v;) — A;|L7)
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Qubitization

Uyl 0)v;) = 2;10)|v;) + /1 — 27| L7)

Uyl L) = [1—=2%2]|0)|v;) — 4| L))

Ua maps H; = span{|0)[v;), | 1)} to H; = span{|0}[v;),|L1;)}

Similarly, U;{ maps H; to H;

[UA]}[i_)}[i, = )
/1 —22 -
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Qubitization

A /1 — A7
[UA]}G—’}Q” - [Uj]ﬂi'*}[i N
/1 — X7 —A;

L = [1-22
T I (e I

k
(U;{ZHUAZH) is a block-encoding for T, (A)

U4 ZnUaZn],, =

k
For odd polynomials, UAZH(U;{ZHUAZH) is a block-encoding for T, 41 (A)

H; and H; share a common basis state |0)|v;)

November 13, 2025 12



Qubitization

_ (it k
Urya) = (UAZHUAZ“) Block-encoding for Chebyshev polynomials

_ t k
UTrsa(a) = UaZn(UsZnUnZn) Other polynomials?
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Quantum signal processing (QSP)

Consider a 2 X 2 qubitization:

U =

e S P

1— /12
We have proved that [(UZ)"], ; = T}, (1)

Notice that Z = — [ez On_] = —je'2?
0 ez

What if
ei¢dZUei¢d—1ZUei¢d—ZZ cos Ueid)OZ

where (¢, P4, ..., p4) € REH1
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Theorem (QSP, Low-Chuang ’'16).

Let
S| A V- /12]
1-— /12
Then, there exist phase factors (¢, ¢4, ..., P4) € R%*+1 such that
— J1 — )2
elPaZ [JoiPa-1Z ] piPa—2Z ... [JeiPoZ — l p(A) gA)v1—A2
q*(MDV1— 22 p* (1)

if and only if p, g € C[A] such that

1. deg(p) <d,deg(q) <d-1

2. p has parity d mod 2 and g has parity d — 1 mod 2
3. IpD)IF+ @ =2H)|gV)|? =1foralld € [-1,1]
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Theorem (QSP for real polynomials).

Let

U =

A V1 — A2
1-— )LZ
Then, there exist phase factors (¢g, @4, ..., d4) € Rt such that

ei(PdZUei(Pd_lZUei(Pd_zZ Uei(pOZ — [p(ﬂ) + 1 * *]
X

*

if and only if p € R|A] such that

1. deg(p) <d

2. p has parity d mod 2 (P = Podd + Peven @and apply LCU)
3. |p(A)| <1forallde|—-1,1]
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Qubitization for general polynomials

For any Hermitian matrix A with [|A]|| < 1, given its block-encoding U,, and for any degree-d real
polynomial p(1) with |[p(1)| < 1 for all 2 € [—1,1], we can block-encode p(4) with O(d) cost:

1) LT eiP0Z P

0)
S I e y S

Q1: how to find the phase factors (¢, ¢4, ..., P4) for a given polynomial p(/l)?

: Ua UI\

Q2: how to approximate functions (e.g., 1/x, e*, x¢, sgn(x)) by QSP polynomials?
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Quantum linear algebra toolbox

- Basic linear algebra operations
- Linear systems of equations

« Matrix functions

Functions of Hermitian matrices: quantum signal processing (QSP), qubitization

Functions of general matrices: quantum singular value transformation (QSVT)
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Quantum singular value transformation (QSVT)

Singular value transformation
Let A be a general matrix with singular value decomposition A = WEV T
Let f be an even or odd function

Then the singular value transformation of A is

WrEvT, if £ is odd

SV A) = |
[ A) VF()VT, if f iseven 7 f(A) '
A"t =yziwt
The goal of QSVT is to block encode f>V(4) FSV(A) = w1yt

V() =vetwt =41
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Quantum singular value transformation (QSVT)

Theorem (Gilyen et al. ’2019).
For any (square) matrix 4, let Uy be its block-encoding

Let ® = (¢, ..., P4) be the phase factor of a QSP polynomial p € R|[A] of degree d

( n-3
7
eidaZny], gida-17n H UleibeinZng,eit2iZn oddd
._ j=0
Up = < n—2
7
ei¢dzl—[ n U/-ll-ei¢2j+1ZI‘[ UAeld)z]Zn ’ even d
[ =0

Ug is a block-encoding for p°V(4) if and only if p is a QSP polynomial
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Prove QSVT

Suppose A = WXVT. Then the SVD for Uy is

A
Ua = [U10

Consider the odd degree case:

=" wllo;
U11 W' ‘D10

Do1
Dll

()

J

D

n-—3

2
Uq) — ei¢dZHUAei¢d_1Zn ‘ ‘ Ugei¢zj+1ZHUAei¢2jZH
‘=0

J

[W
WI

n—3
2

J=0
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Interlude: Cosine-Sine (CS) decomposition

. . w Dy D01] [V r
For any block unitary matrix U = [ ] )
y Y w'l1Dio D11 |74
Dy Do1] I 0
D = = =
Dio Dy ®
0 — 1

where C and S are diagonal matrices with diagonal entries in (0, 1)
0 blocks could be rectangular and I blocks may not be the same size

Unitary = C? + S? = |
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Prove QSVT

n-—3

2
Dy = el®PaZnpei®d-1Zn 1_[D'|'ei¢2j+1ZHDei¢2jZH
j=0
_[ 2 D01]_ 0 I C S I 0
D_[Dm Dy _[I OIGB[S —CIEB[O —I]
e A O e
© " [ —iqu _1¢] D —1¢1 D e—iqbl

po=(|] ) @ °D. el °N,

eeeeeeeeeeeeeee



Prove QSVT

n-3
( ) _ [eiqbd] i ] [ei¢d—11 iy ]ﬁ i®2j412m oi®2jZn
P e vd] e Fd-1] i
n-3
_ [ ei(¢d—¢d—1)]] ﬁ [ei¢2j+1] ] [ei¢zj1
e~ (Pa—Pa-1)] x e 1Pz2j+1] e 192
n-3
- [ oi(@a—da—1) 1] ﬁ [ei(¢2 b2+ ] ]
e~ (Pa—Pa-1)] X e U P2j=P2j+1) ]

[ e Dy MG VLY ,]
AN CE VI 0
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Prove QSVT

n—3
7
I 07\ _ [el®q] ]I 0 [eif/’d—ll ”_[ I 07 Jigojerzn [l 07 Jidzjzn
(g —IDCD_[ vallo ] emitaa]] | o ety T e
n-3
_ [ei@atda)y ]ﬁ ei(92j+92j01) |
I —e (@a+da-1)]] 1 ] o~ i(P2j+d2j11) ]
]:
o
_ [t Zi=0%i 0 ]:[p(l) *]
0 _e—izjizoqul * %
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Prove QSVT

eeeeeeeeeeeeeee




Prove QSVT

= (] D, e D@ D,
=0 el e ]
p(0) '

_ p(C) x :[P(Z) *]
p(D) _ o

Thus,

U¢:[w W,] P :”v V,r:[pS"*(m j
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Two remaining questions

Q1: how to find the phase factors (¢, ¢4, ..., P4) for a given polynomial p(1)?

Q2: how to approximate functions (e.g., 1/x, e*, x¢, sgn(x)) by QSP polynomials?

Target function Low-degree polynomial

fiD—>R approximation Phase factors finding
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Example: QLSP QSPPACK

A b Quantum Signal Processing PACKage
>< = .0
a package for quantum numerical linear algebra

- f(x) :i forx €D =[-1,—-k"1uU[k11]

- Preprocessing: f(x) = % so that || fle :%

- Chebyshev approximation

17 T T T
target function NN |‘ﬂ‘ NAAAND “"" (W |'|"\|'|"M|
lynomial approximation B
08 Polynome orp ucm.wHuuHHMw\Mmu\ulu‘”\|||”\
- RN RN RN RN RERIATARE TATRTRAAA
VPV IRURRRIRIRIRIA |
VRTRTRIRTR AR MR
0.6 [/ VT 1 T 'U'JUUHU\'
0.4 -
2t
0.2 —
3]
=3
E ot .
e o
z 4|
02t i
5
046
6
,0.6,
08} Tr
_1 1 | 1 1 1 1 1 1 1 J _8 I 1 1 1 1 1 1 1
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
T &€
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p o I As<z b Quantum Signal Processing PACKage
>< = 1)
a package for quantum numerical linear algebra

- f(x) zi forx €D =[-1,—-k"1uU[k11]

Preprocessing: f(x) = ﬁ so that || f]|

Chebyshev approximation

- Phase factors finding

Phase Factor Decay

Target vs QSP le—15 QSP vs Polynomial Error
1.0
m— Target 4 4
--- QSP
0.8 37
-2
I\‘ 10
]
2
[
0.6 I ll. =
T e 1
= 10 = —
= 1 g 5 107
i w 0
0.4 1 o
[}
! 14
I
i 1074 4
0.2 41 =2 7
i
I -3 4
I
0.0 ! T T T T T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0 0 20 40 60 80 100
X Index j

November 13, 2025 30



Polynomial approximation

Fact. For any nice (i.e. Lipschitz) function f:[—1,1] — C, f has a unique Chebyshev series

decomposition:

f(x) = Z a, Ty (x), where Z la;| < o
k=0 k=0

Equivalent to the Laurent series for g: T — C
Also equivalent to the Fourier series for h: [—m, ] — C

More about Chebyshev approximation will be discussed in my course
CS 58500: Theoretical Computer Science Toolkit next semester " NT’rﬁithen EY
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Polynomial approximation

Theorem (Tang-Tian ’'24).

Let f be an analytic function in [—1, 1], analytically continuable to the interior of the Bernstein
ellipse

&, ={(z+2)/2: |z| = p}
wherep =1+ aand|f| < Mon¢&,

For§ € (O, %min{l, az}) where C is a sufficiently large constant, € € (0,1),and b > 1, thereis a
polynomial g of degree O (glog%) such that
f—qll=1,1) < Me

Q||[—1—6,1+6] <M

Al [=b,-1-510[1+6,p] < M€
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Example 1: QLSP

f(x) =— for x € [k~1,1]

KX

1. Linearly transform the approximation region to [—1,1]:

1 —x1 1+ x71 2

(k—1Dy+r+1
2. Determine the size of the Bernstein ellipse &,

+1 -
- g(y)hasapoleatyz—% _\ ,0—,01<CZ
;=
2 0.5
5> 148 <2 5 a< |2
2 K—1 K—1
> Boundedness: |g(2)| < g(-1—a?/2) <M 03 p+p1 o2
<1l+—
- a < 4(M-1) 2 2
\,M(K—l)
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Example 1: QLSP

f(x) =— for x € [k ~11]

1. Linearly transform the approximation region to [—1,1]:

11—kt _|_1+}c_1 () = 2
e Y 2 IV T T Dyt +1

2. Determine the size of the Bernstein ellipse £,: a < A1)
M(k—1)

. . -1 ..—1 K+3

3. Determine the bounded region: x € [-k ", k'] & yE€ [—— —1]
> Ford = %az with a sufficiently large C,

K+ 3 4C

—1-46=-— = a=

Kk—1 k=1
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Example 1: QLSP

2

f(x) == for x € [x™",1]
1. Linearly transform the approximation region to [—1,1]:
_1-x _|_1+}c‘1 ) =
X = 2 y 2 ) g y =
2. Determine the size of the Bernstein ellipse £,: a < ;‘\‘/I(é‘:’c:g

b =4
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2

K—1

6= 0(k™)

— thena =
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Example 1: QLSP

f(x) =— for x € [k ~11]

1. Linearly transform the approximation region to [—1,1]:

1—x1 +1+K_1
2 7 2

X =

gly) =

IA

(1)

f(x)

2
(k—Dy+r+1

By the approximation theorem, there is a polynomial p of degree O (%logé) = O(klog(k/¢€)) s.t.

g —pWll=11 =€
P l—1-61+8] < 2

P(Y)||[—4,—1-5]u[1+5,4] <E€
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qQOll[_q 1) S €

1+x~1
2

FG) = g1, < €

)




Example 2: Gibbs sampling

f(x) = eP* for x € [-1,0]
1. Linearly transform the approximation region to [—1,1]:

x=@-1/2, 9(y) =exp(B(y —1)/2)
2. Determine the size of the Bernstein ellipse &,:

> g(y) is analytic everywhere

Ba?

a? £ -1
> lg@lsg(1+5)=e+ <M o
> a< 2\/ﬁ_1 lOgM 0.5
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Example 2: Gibbs sampling

f(x) = eP* for x € [-1,0]

1. Linearly transform the approximation region to [—1,1]:
x=@-1/2, 9(y) =exp(B(y —1)/2)

2. Determine the size of the Bernstein ellipse £,: a < 2\/,6"1 log M

3. Determine the bounded region: x € [0,1] & y € [1,3]
> b=3
> M=2

> 6=0@@)=0(5)
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Example 2: Gibbs sampling

f(x) = eP* for x € [-1,0]

1. Linearly transform the approximation region to [—1,1]:
x=@-1)/2, 9(y) =exp(B(y —1)/2)

By the approximation theorem, there is a polynomial p of degree O (%log%) = O0(Llog(B/€)) s.t.

9gO) —pWll—11 <€ Let g(x) = p(2x + 1)

1f () —q()llj-10 < €
lg(Ollfo,1) < 2

P l11+6] < 2

P l[1453) < €

The block-encoding for eP4 has been used in quantum LP/SDP solvers (van Apeldoorn-Gilyén ’19; Bouland et
al.’23)
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Finding phase factors

Finding phase factors was a hard task at the time when QSP was proposed, but hasbeen practically
solved so far

Remez exchange algorithm

Weiss algorithm/root-finding (Gilyen et al. "18; Haah '19) Numerically unstable
Capitalization (Chao et al. ’20)

Prony’s method (Ying '22)

Half-Cholesky (Ni-Ying '24)

Inverse non-linear fast Fourier transform (Ni et al. '25)

Optimization based algorithm (Dong et al. ’20; Wang et al '22; Dong et al.’23)

Fixed point iteration (Dong et al. ’22)
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Examples of phase factors

For ® = (¢, 1, ..., Pg) € R, define the QSP operator in I//-convention:
d

Ug(x, @) = e'Po? H(W(x)ei¢jz) , W (x) = elarccos(xX — [ X iv1-— xz]
j=1 iv1— x? X
7T .TT _ —
W(x) = e 4" 0(x)e's”, where 0(x) = [ * 1= ] as in our previous definition
V1 — x? X

Chebyshev polynomial
d =(0,..,0)

cos(df) isin(df)
isin(df) cos(df)

Ta(x) = Re(Uq(x, @)14)
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Examples of phase factors

For ® = (¢, Py, ..., Pg) € R, define the QSP operator in I//-convention:
d

Ug(x, @) = e'Po? H(W(x)ei¢jz) , W(x) = elarccos(xX — [ X iv1-— xz]
j=1 iv1— x? X
.TT .TT _ —
W(x) = e 4" 0(x)e's”, where 0(x) = [ * 1= ] as in our previous definition
V1 — x? X

all-zero function

iEZeidHXei%Z _ [icos(d@) isin(do)

Uj(x,®d) =e4 i sin(d6) —icos(d@)] where x = cos(0)

0 = Re(Uy(x, @)1 1)
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Examples of phase factors

For ® = (¢, Py, ..., p4) € RE*T1 define the QSP operator in I/ -convention:
d

Ug(x, @) = e'Po? H(W(x)ei¢jz) , W (x) = elarccos(xX — [ X iv1-— xz]
j=1 iv1— x? X

X —V1 — x2
V1 — x2 X

trigonometric functions (f(x) = %COS(].OOX))

10-14
1 ) 15 x 10

d — 150 jégl{:,(t

W(x) = e_iZZO(x)eiZZ, where O(x) = [ ] as in our previous definition

« Symmetric

10°°F §

Decaying fast

“]7“] P

1 15 1015 . N -
0 0.5 1 0 0.5 1 20 40 60 80 100 120 140
g 4 Index j
November 13, 2025



Symmetric phase factors

Due to the parity constraint, the target polynomial has degree of freedom d = [?
On the other hand, ® has dof = d

We define the symmetric phase factors: ® = (¢pg, P4, ..., P1, Po) € D4, Where

( d d

I Efx [~ 1) X |—— z)i d is odd
Dd:< - 2)2 ) 2;2 )

7 o\ d+l

L__E'E) , d is even
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Existence of phase factors

Theorem (Gilyén et al. ’18). Let f(x) € R|x] be a degree-d polynomial for some d > 1 such that

f (x) has parity d mod 2

IfCOllf-11 =1
Then there exists phase factors @ such that f(x) = Re(Ud (x, 613)1,1)

However, the choice of ® is highly non-unique. There are combinatorically many global optimal
solutions
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Uniqueness of phase factors

Theorem (Wang-Dong-Lin "22). For any P(x) € C[x] and Q(x) € R|x] satisfying

1. deg(P)=d,deg(Q) =d—1

2. P has parity (d mod 2) and Q has parity (d — 1 mod 2)

3. |PO)]?+ (1 —x2)|Q0(x)|?> =1forallx € [-1,1]

4. Ifd is odd, then the leading coefficient of Q is positive

there exists a unique set of symmetric phase factors ® := (¢, ¢4, ..., P1, Pg) € D4 such that

P(x) iQ(x)y1— x?
iQ(x)y1— x? P*(x)

> Still highly non-unique if Im(P) and Q are not specified

Ud(x, CI)) =
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Finding phase factors via optimization

d+1

Parity: only d = [T} degree of freedom to determine f(x)

~

Sampling on Chebyshev nodes x;, = cos (%n), fork=1,..,d

— + + + + + + — 00— 0 —0—8- -
0 ® 0.1' 82 ® 0.3 o 0.4' 'U.5 i 0.6' .0.7 i '0.8 *—e O.g b ."I)

Define the loss function:

~

d
X _ 1 2
d* = arg Jnin F(D), F(D) = TZ|R9(Ud(xkr cI))1,1) — f(xk)|
d d

Global minimum: F(®*) =0

November 13, 2025 47



Optimization landscape

N3

(—0.085,3")

(0.7,1)

4‘-‘-I|2‘-1
o

ENE]

Nia
I\JI 2

1 1 2
f(x)=x2—— f(x)Z\/—§x3—\/—§x

Only global minima
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Local minima exists (and there are many)

If slightly increase the degree d

local minimum 0.0218
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Characterizing all global minimizers

Theorem (Wang-Dong-Lin "22). There is a bijection between global minimizers and all QSP-
admissible (P(x), Q(x)) pairs with Re(P)(x) = f(x)

P=f+i-Im(P)
Im(P), Q € R|[x] are called the complementary polynomials
By the normalization condition:
PP+ (1—x%)Q*=1 = 1-f?=Im(P)*+ (1—x?)Q*
For x = cos @ = %(eie +e719) = %(Z +z1),1—-f((z+2z71)/2)? can be expressed as a
Laurent polynomial C[z, z~ '], which determines all roots of RHS

All possible Im(P) and Q can be reconstructed from the roots
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Magic initial guess

Fixed initial guess @, = (%, 0,..,0, %)

- Used in gsppack for all examples

- Robust for all target functions seen so far!

- One special solution for the all-zero function f =0
Wang-Dong-Lin ’22: when ||f]|s, < d71,

A neighborhood around @ is strongly convex

A global minimizer is contained in that region
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Fixed point iteration

We define a mapping from phase factors to the function’s Chebyshev coefficients:
d
F(P) =c s.t Re(Ud(x, CI>)1,1) = z ¢;T;(x)
j=0

Start from @y = (%,O, ...,O,%)

Fixed point iteration:

1
iy =Dy — E (F(q)t) —c”)

Dong-Lin-Ni-Wang ’24: when ||c*||; = 1, the FPI algorithm converges linearly to the global
minimizer
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Connection to nonlinear Fourier transform (NLFT)

For any compactly supported sequence y € £,(Z), whose support lies in [m,n] c Z, its nonlinear
Fourier transform is defined as:

o L 1 1 vizkl\ [ a(z)  b(2)
r)= 1_[ <\/1 + Y |2 [—sz_k 1 D B Lb*(z) a’(2)

k=m

where a(z), b(z) are Laurent polynomials and a*(z) = a(E_l)
Finding phase factors via inverse NLFT
For the degree-d target polynomial f(x), let b(e%%) = €199 f (cos 6)
We can find Laurent polynomial a(z), b(z) with aa™ + bb* = 1 by the Weiss algorithm

Apply inverse nonlinear Fourier transform to obtain y and define ¢, = arctan y,, for k =
0,..,d

f(x) = Im(Uqg (x5, @)1,1)
See the recent survey (Lin ’25, arXiv:2510.00443)
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NLFT properties

P1: If supp(y) = [m,n], then supp(b) = [m,n] and supp(a) = [m —n, 0]

Y-

b:

a.

P2: Ify' =y,4,thena’ =aand b’ = zb
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Layer stripping algorithm

Suppose the unknown y is supported on [0,n — 1]

n-1 :
) 1 az) b
Yo Vir s Yol (@) = Q(Jl + yel? [=Viz™" D —b*(z) a*(2)
J— 1 1 )/O .r ‘ 1
— \/1 n |y0|2 [_yo 1 [O» V1, ---;yn—l_ (Z)
b
If [V, Y s Yn1] (2) = _aI;I Zi] then [0,¥1, ., ¥n-1] (2) = —(31;1) ‘ 1] by P2

We get a linear equation

” ] [ a(z) b(z)
\/1 n |y0|2 Yo -z~ b*(z) a*(z)

~Yo|[ a(z)  b(2)
- l—z—l ] e O | MR
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Layer stripping algorithm

~ : ~ b ~ : ~ a; b
suppose /o] @ =[ . D] and Tl @=| 5. 2
Then
) a*(z) + yob(2) —voa*(2) + b(2)
ai(2) = ——,  bh@=— 2
V1+ Iyl 21+ |y,
By P1, b;(2) is a polynomial, which implies that
_ b(0)
RO

Using (aq, b;), we can apply the same procedure to recover y; and (a,, b,) for ™ [y-, ...A,yn_l]ﬁ(z), and

then y3, Va, ...

Complexity: O(n?)
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Fast nonlinear Fourier transform

P3: If supp(y,) is on the left of supp(y,), then y1 oy, (2) =¥1 (2) y5 (2)

V1-

HEEN
V2: :—
HERRRREEN

V-

Idea: strip n/2 layers at a time

Ve

A

[)/Oi V1, ""ym—l]v[oi ) 0, Ym.» "")/n—l]ﬂzr[yO' V1, - r)/n—l]

N

Mm  $m S A4 a b
—$m Um] [—Z_mb,"fn a;‘n] - Lb* a*]
[Zmbm(z) _ [Um(z) —5m(Z)] [bo(Z)] +  Polynomial multiplication via FFT
am(2) 1 L&n@)  nm(@) 1{ag(2)

- Total complexity O(nlogn)
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