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• Basic linear algebra operations

• Linear systems of equations

• Matrix functions

• Functions of Hermitian matrices: quantum signal processing (QSP), qubitization

•



Matrix functions
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• For Hermitian matrices: eigenvalue transformation

𝐴𝐴 = 𝑉𝑉diag 𝜆𝜆𝑖𝑖 𝑉𝑉† 
 𝑓𝑓 𝑥𝑥  

𝑓𝑓 𝐴𝐴 = 𝑉𝑉diag 𝑓𝑓 𝜆𝜆𝑖𝑖 𝑉𝑉†

• For non-Hermitian matrices: singular value transformation

𝐴𝐴 = 𝑊𝑊diag 𝜎𝜎𝑖𝑖 𝑉𝑉† 
 𝑓𝑓 𝑥𝑥  

𝑓𝑓 𝐴𝐴 = 𝑊𝑊diag 𝑓𝑓 𝜎𝜎𝑖𝑖 𝑉𝑉†

 𝑓𝑓 𝑥𝑥  
𝑓𝑓 𝐴𝐴 = 𝑉𝑉diag 𝑓𝑓 𝜎𝜎𝑖𝑖 𝑉𝑉†

 𝑓𝑓 𝑥𝑥  
𝑓𝑓 𝐴𝐴 = 𝑊𝑊diag 𝑓𝑓 𝜎𝜎𝑖𝑖 𝑊𝑊†



Matrix functions

November 13, 2025 3

Main result

Suppose that 𝑈𝑈𝐴𝐴 is the block-encoding of a Hermitian matrix 𝐴𝐴 with 𝐴𝐴 ≤ 1, and 𝑝𝑝(𝑥𝑥) is a real-
coefficient polynomial such that

1.  deg 𝑝𝑝 = 𝑑𝑑

2. 𝑝𝑝 𝑥𝑥 ≤ 1 for all 𝑥𝑥 ∈ −1,1

Then, 𝑝𝑝 𝐴𝐴  can be block-encoded with complexity 𝒪𝒪 𝑑𝑑

Applications:

• QLSP: 𝑓𝑓 𝑥𝑥 = 1
𝜅𝜅𝜅𝜅

• Hamiltonian simulation: 𝑒𝑒−𝐢𝐢𝐴𝐴𝐴𝐴    ⟹    𝑓𝑓1 𝑥𝑥 = cos 𝑥𝑥𝑥𝑥  and 𝑓𝑓2 𝑥𝑥 = − sin 𝑥𝑥𝑥𝑥 , then by LCU



More applications
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• Eigen-filtering:

• Amplitude amplification:

𝑈𝑈 0 𝜓𝜓 =
1
𝑎𝑎 0 𝐴𝐴 𝜓𝜓 + ⊥  →  �𝑈𝑈 0 𝜓𝜓 =

1
2 0 𝐴𝐴 𝜓𝜓 + ⊥

𝑓𝑓 𝑥𝑥 = ⁄𝑎𝑎𝑎𝑎 2  for all 𝑥𝑥 ∈ − ⁄1 𝑎𝑎 , ⁄1 𝑎𝑎

𝑓𝑓 𝑥𝑥 ≈ 𝑝𝑝 𝑥𝑥   with  deg 𝑝𝑝 = 𝒪𝒪 𝑎𝑎 log ⁄1 𝜖𝜖



Matrix functions
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Main result

Suppose that 𝑈𝑈𝐴𝐴 is the block-encoding of a Hermitian matrix 𝐴𝐴 with 𝐴𝐴 ≤ 1, and 𝑝𝑝(𝑥𝑥) is a real-
coefficient polynomial such that

1.  deg 𝑝𝑝 = 𝑑𝑑

2. 𝑝𝑝 𝑥𝑥 ≤ 1 for all 𝑥𝑥 ∈ −1,1

Then, 𝑝𝑝 𝐴𝐴  can be block-encoded with complexity 𝒪𝒪 𝑑𝑑



Chebyshev polynomial
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For 𝐴𝐴 = cos 𝜃𝜃 ∈ ℂ1×1, how to block-encode  𝑇𝑇𝑘𝑘 𝐴𝐴 = 𝑇𝑇𝑘𝑘 cos 𝜃𝜃 = cos(𝑘𝑘𝑘𝑘)?

• Consider the 2 × 2 matrix:

𝑂𝑂 = 𝜆𝜆 − 1 − 𝜆𝜆2

1 − 𝜆𝜆2 𝜆𝜆
=

cos(𝜃𝜃) − sin(𝜃𝜃)
sin 𝜃𝜃 cos 𝜃𝜃

• Then, it is easy to check that

𝑂𝑂𝑘𝑘 = cos(𝑘𝑘𝜃𝜃) − sin(𝑘𝑘𝜃𝜃)
sin 𝑘𝑘𝜃𝜃 cos 𝑘𝑘𝜃𝜃 = 𝑇𝑇𝑘𝑘 𝜆𝜆 ∗

∗ ∗
,

which is a 1,1,0 -block-encoding for 𝑇𝑇𝑘𝑘 𝐴𝐴

What about a general Hermitian matrix 𝐴𝐴?

• Qubitization (Low-Chuang ’16): apply 𝑂𝑂𝑘𝑘 to each 2-dimensional invariant subspace



Qubitization with Hermitian block-encoding
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For 𝐴𝐴 = ∑𝜆𝜆𝑖𝑖 𝑣𝑣𝑖𝑖 𝑣𝑣𝑖𝑖 , suppose 𝑈𝑈𝐴𝐴 is its Hermitian block-encoding (𝑈𝑈𝐴𝐴 = 𝑈𝑈𝐴𝐴
†)

• Apply 𝑈𝑈𝐴𝐴 to an eigenstate 0 𝑣𝑣𝑖𝑖 :

𝑈𝑈𝐴𝐴 0 𝑣𝑣𝑖𝑖 = 0 𝐴𝐴 𝑣𝑣𝑖𝑖 + ⊥ = 𝜆𝜆𝑖𝑖 0 𝑣𝑣𝑖𝑖 + 1 − 𝜆𝜆𝑖𝑖2 ⊥𝑖𝑖

• Apply 𝑈𝑈𝐴𝐴 again:

𝑈𝑈𝐴𝐴2 0 𝑣𝑣𝑖𝑖 = 𝜆𝜆𝑖𝑖 𝜆𝜆𝑖𝑖 0 𝑣𝑣𝑖𝑖 + 1 − 𝜆𝜆𝑖𝑖2 ⊥𝑖𝑖 + 1 − 𝜆𝜆𝑖𝑖2𝑈𝑈𝐴𝐴 ⊥𝑖𝑖

⟹  𝑈𝑈𝐴𝐴 ⊥𝑖𝑖 = 1 − 𝜆𝜆𝑖𝑖2 0 𝑣𝑣𝑖𝑖 − 𝜆𝜆𝑖𝑖 ⊥𝑖𝑖

• ℋ𝑖𝑖 ≔ span 0 𝑣𝑣𝑖𝑖 , ⊥𝑖𝑖  is an invariant subspace

0 𝑣𝑣𝑖𝑖 =

𝑈𝑈𝐴𝐴 ℋ𝑖𝑖 =
𝜆𝜆𝑖𝑖 1 − 𝜆𝜆𝑖𝑖2

1 − 𝜆𝜆𝑖𝑖2 −𝜆𝜆𝑖𝑖



Qubitization with Hermitian block-encoding
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• For the block-encoding projector Π = 0 0 ⊗ 𝐼𝐼, define 

𝑍𝑍Π ≔ 2Π − 𝐼𝐼,  𝑍𝑍Π ℋ𝑗𝑗 = 1 0
0 −1

• For 𝑂𝑂 ≔ 𝑈𝑈𝐴𝐴𝑍𝑍Π,

𝑂𝑂 ℋ𝑖𝑖 =
𝜆𝜆𝑖𝑖 − 1 − 𝜆𝜆𝑖𝑖2

1 − 𝜆𝜆𝑖𝑖2 +𝜆𝜆𝑖𝑖

• Thus,

𝑂𝑂𝑘𝑘 ℋ𝑖𝑖 = 𝑇𝑇𝑘𝑘(𝜆𝜆𝑖𝑖) ∗
∗ ∗ ,  𝑂𝑂𝑘𝑘 = 𝑇𝑇𝑘𝑘(𝐴𝐴) ∗

∗ ∗

𝑈𝑈𝐴𝐴 ℋ𝑖𝑖 =
𝜆𝜆𝑖𝑖 1 − 𝜆𝜆𝑖𝑖2

1 − 𝜆𝜆𝑖𝑖2 −𝜆𝜆𝑖𝑖

ℂ𝑁𝑁+1 = ℋ0 ⊕⋯⊕ℋ𝑁𝑁−1



Qubitization with Hermitian block-encoding
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• 𝑈𝑈𝐴𝐴 = 𝑈𝑈𝐴𝐴
†,  Π = 0 0 ⊗ 𝐼𝐼,  𝑍𝑍Π = 2Π − 𝐼𝐼

• 𝑈𝑈𝑇𝑇𝑘𝑘 𝐴𝐴 = 𝑈𝑈𝐴𝐴𝑍𝑍Π 𝑘𝑘

repeat 𝑘𝑘 times



Qubitization
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For 𝐴𝐴 = ∑𝜆𝜆𝑖𝑖 𝑣𝑣𝑖𝑖 𝑣𝑣𝑖𝑖 , suppose 𝑈𝑈𝐴𝐴 is its block-encoding but non-Hermitian

• Apply 𝑈𝑈𝐴𝐴 to an eigenstate 0 𝑣𝑣𝑖𝑖 :

𝑈𝑈𝐴𝐴 0 𝑣𝑣𝑖𝑖 = 0 𝐴𝐴 𝑣𝑣𝑖𝑖 + ⊥ = 𝜆𝜆𝑖𝑖 0 𝑣𝑣𝑖𝑖 + 1 − 𝜆𝜆𝑖𝑖2 ⊥𝑖𝑖
′

• Apply 𝑈𝑈𝐴𝐴
† to 0 𝑣𝑣𝑖𝑖 :

𝑈𝑈𝐴𝐴
† 0 𝑣𝑣𝑖𝑖 = 𝜆𝜆𝑖𝑖 0 𝑣𝑣𝑖𝑖 + 1 − 𝜆𝜆𝑖𝑖2 ⊥𝑖𝑖

• Apply 𝑈𝑈𝐴𝐴 again:

0 𝑣𝑣𝑖𝑖 = 𝜆𝜆𝑖𝑖 𝜆𝜆𝑖𝑖 0 𝑣𝑣𝑖𝑖 + 1 − 𝜆𝜆𝑖𝑖2 ⊥𝑖𝑖
′ + 1 − 𝜆𝜆𝑖𝑖2𝑈𝑈𝐴𝐴 ⊥𝑖𝑖

⟹  𝑈𝑈𝐴𝐴 ⊥𝑖𝑖 = 1 − 𝜆𝜆𝑖𝑖2 0 𝑣𝑣𝑖𝑖 − 𝜆𝜆𝑖𝑖 ⊥𝑖𝑖′

𝑈𝑈𝐴𝐴
† = 𝐴𝐴 ∗

∗ ∗



Qubitization
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𝑈𝑈𝐴𝐴 0 𝑣𝑣𝑖𝑖 = 𝜆𝜆𝑖𝑖 0 𝑣𝑣𝑖𝑖 + 1 − 𝜆𝜆𝑖𝑖2 ⊥𝑖𝑖
′

𝑈𝑈𝐴𝐴 ⊥𝑖𝑖 = 1 − 𝜆𝜆𝑖𝑖2 0 𝑣𝑣𝑖𝑖 − 𝜆𝜆𝑖𝑖 ⊥𝑖𝑖′

• 𝑈𝑈𝐴𝐴 maps  ℋ𝑖𝑖 ≔ span{ 0 𝑣𝑣𝑖𝑖 , ⊥𝑖𝑖 }  to  ℋ𝑖𝑖
′ ≔ span 0 𝑣𝑣𝑖𝑖 , ⊥𝑖𝑖′

• Similarly, 𝑈𝑈𝐴𝐴
† maps  ℋ𝑖𝑖

′  to  ℋ𝑖𝑖 

𝑈𝑈𝐴𝐴 ℋ𝑖𝑖→ℋ𝑖𝑖
′ =

𝜆𝜆𝑖𝑖 1 − 𝜆𝜆𝑖𝑖2

1 − 𝜆𝜆𝑖𝑖2 −𝜆𝜆𝑖𝑖
, 𝑈𝑈𝐴𝐴

†
ℋ𝑖𝑖
′→ℋ𝑖𝑖

=
𝜆𝜆𝑖𝑖 1 − 𝜆𝜆𝑖𝑖2

1 − 𝜆𝜆𝑖𝑖2 −𝜆𝜆𝑖𝑖



Qubitization
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𝑈𝑈𝐴𝐴 ℋ𝑖𝑖→ℋ𝑖𝑖
′ = 𝑈𝑈𝐴𝐴

†
ℋ𝑖𝑖
′→ℋ𝑖𝑖

=
𝜆𝜆𝑖𝑖 1 − 𝜆𝜆𝑖𝑖2

1 − 𝜆𝜆𝑖𝑖2 −𝜆𝜆𝑖𝑖

𝑈𝑈𝐴𝐴
†𝑍𝑍Π𝑈𝑈𝐴𝐴𝑍𝑍Π ℋ𝑖𝑖

=
𝜆𝜆𝑖𝑖 − 1 − 𝜆𝜆𝑖𝑖2

1 − 𝜆𝜆𝑖𝑖2 +𝜆𝜆𝑖𝑖

2

= 𝑇𝑇2(𝜆𝜆𝑖𝑖) ∗
∗ ∗ , 𝑈𝑈𝐴𝐴

†𝑍𝑍Π𝑈𝑈𝐴𝐴𝑍𝑍Π
𝑘𝑘

ℋ𝑖𝑖

= 𝑇𝑇2𝑘𝑘(𝜆𝜆𝑖𝑖) ∗
∗ ∗

• 𝑈𝑈𝐴𝐴
†𝑍𝑍Π𝑈𝑈𝐴𝐴𝑍𝑍Π

𝑘𝑘
 is a block-encoding for 𝑇𝑇2𝑘𝑘 𝐴𝐴

• For odd polynomials,  𝑈𝑈𝐴𝐴𝑍𝑍Π 𝑈𝑈𝐴𝐴
†𝑍𝑍Π𝑈𝑈𝐴𝐴𝑍𝑍Π

𝑘𝑘
 is a block-encoding for 𝑇𝑇2𝑘𝑘+1 𝐴𝐴

ℋ𝑖𝑖 and ℋ𝑖𝑖
′ share a common basis state 0 𝑣𝑣𝑖𝑖



Qubitization
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• 𝑈𝑈𝑇𝑇2𝑘𝑘 𝐴𝐴 = 𝑈𝑈𝐴𝐴
†𝑍𝑍Π𝑈𝑈𝐴𝐴𝑍𝑍Π

𝑘𝑘

• 𝑈𝑈𝑇𝑇2𝑘𝑘+1 𝐴𝐴 = 𝑈𝑈𝐴𝐴𝑍𝑍Π 𝑈𝑈𝐴𝐴
†𝑍𝑍Π𝑈𝑈𝐴𝐴𝑍𝑍Π

𝑘𝑘

Block-encoding for Chebyshev polynomials

Other polynomials?



Quantum signal processing (QSP)
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• Consider a 2 × 2 qubitization:

𝑈𝑈 = 𝜆𝜆 1 − 𝜆𝜆2

1 − 𝜆𝜆2 −𝜆𝜆
,  𝑍𝑍 = 1 0

0 −1

• We have proved that 𝑈𝑈𝑈𝑈 𝑘𝑘
1,1 = 𝑇𝑇𝑘𝑘 𝜆𝜆

• Notice that 𝑍𝑍 = −𝐢𝐢 𝑒𝑒
𝜋𝜋
2𝐢𝐢 0

0 𝑒𝑒−
𝜋𝜋
2𝐢𝐢

= −𝐢𝐢𝑒𝑒𝐢𝐢
𝜋𝜋
2𝑍𝑍

• What if 
𝑒𝑒𝐢𝐢𝜙𝜙𝑑𝑑𝑍𝑍𝑈𝑈𝑒𝑒𝐢𝐢𝜙𝜙𝑑𝑑−1𝑍𝑍𝑈𝑈𝑒𝑒𝐢𝐢𝜙𝜙𝑑𝑑−2𝑍𝑍 ⋯𝑈𝑈𝑈𝑈𝐢𝐢𝜙𝜙0𝑍𝑍

where 𝜙𝜙0,𝜙𝜙1, … ,𝜙𝜙𝑑𝑑 ∈ ℝ𝑑𝑑+1
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Theorem (QSP,  Low-Chuang ’16).

Let 

𝑈𝑈 = 𝜆𝜆 1 − 𝜆𝜆2

1 − 𝜆𝜆2 −𝜆𝜆

Then, there exist phase factors 𝜙𝜙0,𝜙𝜙1, … ,𝜙𝜙𝑑𝑑 ∈ ℝ𝑑𝑑+1 such that

𝑒𝑒𝐢𝐢𝜙𝜙𝑑𝑑𝑍𝑍𝑈𝑈𝑒𝑒𝐢𝐢𝜙𝜙𝑑𝑑−1𝑍𝑍𝑈𝑈𝑒𝑒𝐢𝐢𝜙𝜙𝑑𝑑−2𝑍𝑍 ⋯𝑈𝑈𝑈𝑈𝐢𝐢𝜙𝜙0𝑍𝑍 = 𝑝𝑝 𝜆𝜆 −𝑞𝑞 𝜆𝜆 1 − 𝜆𝜆2

𝑞𝑞∗ 𝜆𝜆 1 − 𝜆𝜆2 𝑝𝑝∗ 𝜆𝜆

if and only if 𝑝𝑝, 𝑞𝑞 ∈ ℂ 𝜆𝜆  such that

1.  deg 𝑝𝑝 ≤ 𝑑𝑑, deg 𝑞𝑞 ≤ 𝑑𝑑 − 1

2.  𝑝𝑝 has parity 𝑑𝑑 mod 2 and 𝑞𝑞 has parity 𝑑𝑑 − 1 mod 2

3. 𝑝𝑝 𝜆𝜆 2 + 1 − 𝜆𝜆2 𝑞𝑞 𝜆𝜆 2 = 1 for all 𝜆𝜆 ∈ −1,1
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Theorem (QSP for real polynomials).

Let 

𝑈𝑈 = 𝜆𝜆 1 − 𝜆𝜆2

1 − 𝜆𝜆2 −𝜆𝜆

Then, there exist phase factors 𝜙𝜙0,𝜙𝜙1, … ,𝜙𝜙𝑑𝑑 ∈ ℝ𝑑𝑑+1 such that

𝑒𝑒𝐢𝐢𝜙𝜙𝑑𝑑𝑍𝑍𝑈𝑈𝑒𝑒𝐢𝐢𝜙𝜙𝑑𝑑−1𝑍𝑍𝑈𝑈𝑒𝑒𝐢𝐢𝜙𝜙𝑑𝑑−2𝑍𝑍 ⋯𝑈𝑈𝑒𝑒𝐢𝐢𝜙𝜙0𝑍𝑍 = 𝑝𝑝 𝜆𝜆 + 𝐢𝐢 ∗ ∗
∗ ∗

if and only if 𝑝𝑝 ∈ ℝ 𝜆𝜆  such that

1.  deg 𝑝𝑝 ≤ 𝑑𝑑

2.  𝑝𝑝 has parity 𝑑𝑑 mod 2 

3. 𝑝𝑝 𝜆𝜆 ≤ 1 for all 𝜆𝜆 ∈ −1,1

(𝑝𝑝 = 𝑝𝑝odd + 𝑝𝑝even and apply LCU)



Qubitization for general polynomials
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For any Hermitian matrix 𝐴𝐴 with 𝐴𝐴 ≤ 1, given its block-encoding 𝑈𝑈𝐴𝐴, and for any degree-𝑑𝑑 real 
polynomial 𝑝𝑝 𝜆𝜆  with 𝑝𝑝 𝜆𝜆 ≤ 1 for all 𝜆𝜆 ∈ −1,1 , we can block-encode 𝑝𝑝 𝐴𝐴  with �𝒪𝒪 𝑑𝑑  cost: 

Q1: how to find the phase factors 𝜙𝜙0,𝜙𝜙1, … ,𝜙𝜙𝑑𝑑  for a given polynomial 𝑝𝑝 𝜆𝜆 ?

Q2: how to approximate functions (e.g., ⁄1 𝑥𝑥, 𝑒𝑒𝑥𝑥, 𝑥𝑥𝑐𝑐, sgn 𝑥𝑥 ) by QSP polynomials?

𝑒𝑒𝐢𝐢𝜙𝜙0𝑍𝑍Π



Quantum linear algebra toolbox
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• Basic linear algebra operations

• Linear systems of equations

• Matrix functions

• Functions of Hermitian matrices: quantum signal processing (QSP), qubitization

• Functions of general matrices: quantum singular value transformation (QSVT)

•



Quantum singular value transformation (QSVT)
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Singular value transformation

• Let 𝐴𝐴 be a general matrix with singular value decomposition 𝐴𝐴 = 𝑊𝑊Σ𝑉𝑉†

• Let 𝑓𝑓 be an even or odd function

• Then the singular value transformation of 𝐴𝐴 is

𝑓𝑓SV 𝐴𝐴 ≔ �
𝑊𝑊𝑊𝑊 Σ 𝑉𝑉†,  if 𝑓𝑓 is odd
𝑉𝑉𝑉𝑉 Σ 𝑉𝑉†,  if 𝑓𝑓 is even

The goal of QSVT is to block encode 𝑓𝑓SV 𝐴𝐴

≠ 𝑓𝑓 𝐴𝐴  !

𝐴𝐴−1 = 𝑉𝑉Σ−1𝑊𝑊†

𝑓𝑓SV 𝐴𝐴 = 𝑊𝑊Σ−1𝑉𝑉†

𝑓𝑓SV 𝐴𝐴† = 𝑉𝑉Σ−1𝑊𝑊† = 𝐴𝐴−1



Quantum singular value transformation (QSVT)
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Theorem (Gilyen et al. ’2019).    

For any (square) matrix 𝐴𝐴, let 𝑈𝑈𝐴𝐴 be its block-encoding

Let Φ = 𝜙𝜙0, … ,𝜙𝜙𝑑𝑑  be the phase factor of a QSP polynomial 𝑝𝑝 ∈ ℝ 𝜆𝜆  of degree 𝑑𝑑

𝑈𝑈Φ ≔

𝑒𝑒𝐢𝐢𝜙𝜙𝑑𝑑𝑍𝑍Π𝑈𝑈𝐴𝐴𝑒𝑒𝐢𝐢𝜙𝜙𝑑𝑑−1𝑍𝑍Π�
𝑗𝑗=0

𝑛𝑛−3
2

𝑈𝑈𝐴𝐴
†𝑒𝑒𝐢𝐢𝜙𝜙2𝑗𝑗+1𝑍𝑍Π𝑈𝑈𝐴𝐴𝑒𝑒𝐢𝐢𝜙𝜙2𝑗𝑗𝑍𝑍Π , odd 𝑑𝑑

𝑒𝑒𝐢𝐢𝜙𝜙𝑑𝑑𝑍𝑍Π�
𝑗𝑗=0

𝑛𝑛−2
2

𝑈𝑈𝐴𝐴
†𝑒𝑒𝐢𝐢𝜙𝜙2𝑗𝑗+1𝑍𝑍Π𝑈𝑈𝐴𝐴𝑒𝑒𝐢𝐢𝜙𝜙2𝑗𝑗𝑍𝑍Π ,  even 𝑑𝑑

𝑈𝑈Φ is a block-encoding for 𝑝𝑝SV 𝐴𝐴  if and only if 𝑝𝑝 is a QSP polynomial
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Suppose 𝐴𝐴 = 𝑊𝑊Σ𝑉𝑉†. Then the SVD for 𝑈𝑈𝐴𝐴 is

𝑈𝑈𝐴𝐴 = 𝐴𝐴 𝑈𝑈01
𝑈𝑈10 𝑈𝑈11

= 𝑊𝑊
𝑊𝑊′

Σ 𝐷𝐷01
𝐷𝐷10 𝐷𝐷11

𝑉𝑉
𝑉𝑉′

†

Consider the odd degree case:

𝑈𝑈Φ = 𝑒𝑒𝐢𝐢𝜙𝜙𝑑𝑑𝑍𝑍Π𝑈𝑈𝐴𝐴𝑒𝑒𝐢𝐢𝜙𝜙𝑑𝑑−1𝑍𝑍Π�
𝑗𝑗=0

𝑛𝑛−3
2

𝑈𝑈𝐴𝐴
†𝑒𝑒𝐢𝐢𝜙𝜙2𝑗𝑗+1𝑍𝑍Π𝑈𝑈𝐴𝐴𝑒𝑒𝐢𝐢𝜙𝜙2𝑗𝑗𝑍𝑍Π

= 𝑊𝑊
𝑊𝑊′ 𝑒𝑒𝐢𝐢𝜙𝜙𝑑𝑑𝑍𝑍Π𝐷𝐷𝑒𝑒𝐢𝐢𝜙𝜙𝑑𝑑−1𝑍𝑍Π�

𝑗𝑗=0

𝑛𝑛−3
2

𝐷𝐷†𝑒𝑒𝐢𝐢𝜙𝜙2𝑗𝑗+1𝑍𝑍Π𝐷𝐷𝑒𝑒𝐢𝐢𝜙𝜙2𝑗𝑗𝑍𝑍Π 𝑉𝑉
𝑉𝑉′

†

𝐷𝐷

𝑒𝑒𝐢𝐢𝜙𝜙𝑍𝑍Π = 𝑒𝑒𝐢𝐢𝜙𝜙𝐼𝐼𝑛𝑛
𝑒𝑒−𝐢𝐢𝜙𝜙𝐼𝐼𝑁𝑁−𝑛𝑛

𝐷𝐷Φ
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For any block unitary matrix 𝑈𝑈 = 𝑊𝑊
𝑊𝑊′

𝐷𝐷00 𝐷𝐷01
𝐷𝐷10 𝐷𝐷11

𝑉𝑉
𝑉𝑉′

†
,

𝐷𝐷 ≔ 𝐷𝐷00 𝐷𝐷01
𝐷𝐷10 𝐷𝐷11

=

0
𝐶𝐶

𝐼𝐼

𝐼𝐼
𝑆𝑆

0
𝐼𝐼

𝑆𝑆
0

0
−𝐶𝐶

−𝐼𝐼

= 0 𝐼𝐼
𝐼𝐼 0 ⊕ 𝐶𝐶 𝑆𝑆

𝑆𝑆 −𝐶𝐶 ⊕ 𝐼𝐼 0
0 −𝐼𝐼

where 𝐶𝐶 and 𝑆𝑆 are diagonal matrices with diagonal entries in 0, 1

• 0 blocks could be rectangular and 𝐼𝐼 blocks may not be the same size

• Unitary ⟹ 𝐶𝐶2 + 𝑆𝑆2 = 𝐼𝐼 
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𝐷𝐷Φ = 𝑒𝑒𝐢𝐢𝜙𝜙𝑑𝑑𝑍𝑍Π𝐷𝐷𝑒𝑒𝐢𝐢𝜙𝜙𝑑𝑑−1𝑍𝑍Π�
𝑗𝑗=0

𝑛𝑛−3
2

𝐷𝐷†𝑒𝑒𝐢𝐢𝜙𝜙2𝑗𝑗+1𝑍𝑍Π𝐷𝐷𝑒𝑒𝐢𝐢𝜙𝜙2𝑗𝑗𝑍𝑍Π

𝐷𝐷 = Σ 𝐷𝐷01
𝐷𝐷10 𝐷𝐷11

= 0 𝐼𝐼
𝐼𝐼 0 ⊕ 𝐶𝐶 𝑆𝑆

𝑆𝑆 −𝐶𝐶 ⊕ 𝐼𝐼 0
0 −𝐼𝐼

𝑒𝑒𝐢𝐢𝜙𝜙𝑍𝑍Π = 𝑒𝑒𝐢𝐢𝜙𝜙𝐼𝐼
𝑒𝑒−𝐢𝐢𝜙𝜙𝐼𝐼

= 𝑒𝑒𝐢𝐢𝜙𝜙𝐼𝐼
𝑒𝑒−𝐢𝐢𝜙𝜙𝐼𝐼

⊕ 𝑒𝑒𝐢𝐢𝜙𝜙𝐼𝐼
𝑒𝑒−𝐢𝐢𝜙𝜙𝐼𝐼

⊕ 𝑒𝑒𝐢𝐢𝜙𝜙𝐼𝐼
𝑒𝑒−𝐢𝐢𝜙𝜙𝐼𝐼

𝐷𝐷Φ = 0 𝐼𝐼
𝐼𝐼 0 Φ

⊕ 𝐶𝐶 𝑆𝑆
𝑆𝑆 −𝐶𝐶 Φ

⊕ 𝐼𝐼 0
0 −𝐼𝐼 Φ



Prove QSVT

November 13, 2025 24

0 𝐼𝐼
𝐼𝐼 0 Φ

= 𝑒𝑒𝐢𝐢𝜙𝜙𝑑𝑑𝐼𝐼
𝑒𝑒−𝐢𝐢𝜙𝜙𝑑𝑑𝐼𝐼

0 𝐼𝐼
𝐼𝐼 0

𝑒𝑒𝐢𝐢𝜙𝜙𝑑𝑑−1𝐼𝐼
𝑒𝑒−𝐢𝐢𝜙𝜙𝑑𝑑−1𝐼𝐼

�
𝑗𝑗=0

𝑛𝑛−3
2

0 𝐼𝐼
𝐼𝐼 0 𝑒𝑒𝐢𝐢𝜙𝜙2𝑗𝑗+1𝑍𝑍Π 0 𝐼𝐼

𝐼𝐼 0 𝑒𝑒𝐢𝐢𝜙𝜙2𝑗𝑗𝑍𝑍Π

= 𝑒𝑒𝐢𝐢 𝜙𝜙𝑑𝑑−𝜙𝜙𝑑𝑑−1 𝐼𝐼
𝑒𝑒−𝐢𝐢 𝜙𝜙𝑑𝑑−𝜙𝜙𝑑𝑑−1 𝐼𝐼

�
𝑗𝑗=0

𝑛𝑛−3
2

0 𝐼𝐼
𝐼𝐼 0

𝑒𝑒𝐢𝐢𝜙𝜙2𝑗𝑗+1𝐼𝐼
𝑒𝑒−𝐢𝐢𝜙𝜙2𝑗𝑗+1𝐼𝐼

0 𝐼𝐼
𝐼𝐼 0

𝑒𝑒𝐢𝐢𝜙𝜙2𝑗𝑗𝐼𝐼
𝑒𝑒−𝐢𝐢𝜙𝜙2𝑗𝑗𝐼𝐼

= 𝑒𝑒𝐢𝐢 𝜙𝜙𝑑𝑑−𝜙𝜙𝑑𝑑−1 𝐼𝐼
𝑒𝑒−𝐢𝐢 𝜙𝜙𝑑𝑑−𝜙𝜙𝑑𝑑−1 𝐼𝐼

�
𝑗𝑗=0

𝑛𝑛−3
2

𝑒𝑒𝐢𝐢(𝜙𝜙2𝑗𝑗−𝜙𝜙2𝑗𝑗+1)𝐼𝐼
𝑒𝑒−𝐢𝐢(𝜙𝜙2𝑗𝑗−𝜙𝜙2𝑗𝑗+1)𝐼𝐼

= 0 𝑒𝑒−𝐢𝐢 ∑𝑗𝑗=0
𝑑𝑑 −1 𝑗𝑗𝜙𝜙𝑗𝑗𝐼𝐼

𝑒𝑒𝐢𝐢 ∑𝑗𝑗=0
𝑑𝑑 −1 𝑗𝑗𝜙𝜙𝑗𝑗𝐼𝐼 0

= 𝑝𝑝 0 ∗
∗ ∗
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𝐼𝐼 0
0 −𝐼𝐼 Φ

= 𝑒𝑒𝐢𝐢𝜙𝜙𝑑𝑑𝐼𝐼
𝑒𝑒−𝐢𝐢𝜙𝜙𝑑𝑑𝐼𝐼

𝐼𝐼 0
0 −𝐼𝐼

𝑒𝑒𝐢𝐢𝜙𝜙𝑑𝑑−1𝐼𝐼
𝑒𝑒−𝐢𝐢𝜙𝜙𝑑𝑑−1𝐼𝐼

�
𝑗𝑗=0

𝑛𝑛−3
2

𝐼𝐼 0
0 −𝐼𝐼 𝑒𝑒𝐢𝐢𝜙𝜙2𝑗𝑗+1𝑍𝑍Π 𝐼𝐼 0

0 −𝐼𝐼 𝑒𝑒𝐢𝐢𝜙𝜙2𝑗𝑗𝑍𝑍Π

= 𝑒𝑒𝐢𝐢 𝜙𝜙𝑑𝑑+𝜙𝜙𝑑𝑑−1 𝐼𝐼
−𝑒𝑒−𝐢𝐢 𝜙𝜙𝑑𝑑+𝜙𝜙𝑑𝑑−1 𝐼𝐼

�
𝑗𝑗=0

𝑛𝑛−3
2

𝑒𝑒𝐢𝐢 𝜙𝜙2𝑗𝑗+𝜙𝜙2𝑗𝑗+1 𝐼𝐼
𝑒𝑒−𝐢𝐢 𝜙𝜙2𝑗𝑗+𝜙𝜙2𝑗𝑗+1 𝐼𝐼

= 𝑒𝑒𝐢𝐢 ∑𝑗𝑗=0
𝑑𝑑 𝜙𝜙𝑗𝑗𝐼𝐼 0
0 −𝑒𝑒−𝐢𝐢 ∑𝑗𝑗=0

𝑑𝑑 𝜙𝜙𝑗𝑗𝐼𝐼
= 𝑝𝑝 𝐼𝐼 ∗

∗ ∗
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𝐶𝐶 𝑆𝑆
𝑆𝑆 −𝐶𝐶 = �

𝑖𝑖=1

𝑚𝑚 𝜆𝜆𝑖𝑖 1 − 𝜆𝜆𝑖𝑖2

1 − 𝜆𝜆𝑖𝑖2 −𝜆𝜆𝑖𝑖

𝐶𝐶 𝑆𝑆
𝑆𝑆 −𝐶𝐶 Φ

= �
𝑖𝑖=1

𝑚𝑚 𝜆𝜆𝑖𝑖 1 − 𝜆𝜆𝑖𝑖2

1 − 𝜆𝜆𝑖𝑖2 −𝜆𝜆𝑖𝑖
Φ

= �
𝑖𝑖=1

𝑚𝑚
𝑝𝑝 𝜆𝜆𝑖𝑖 ∗
∗ ∗

= 𝑝𝑝 𝐶𝐶 ∗
∗ ∗

𝐶𝐶 =
𝜆𝜆1

⋱
𝜆𝜆𝑚𝑚
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𝐷𝐷Φ = 0 𝐼𝐼
𝐼𝐼 0 Φ

⊕ 𝐶𝐶 𝑆𝑆
𝑆𝑆 −𝐶𝐶 Φ

⊕ 𝐼𝐼 0
0 −𝐼𝐼 Φ

= 𝑝𝑝 0 ∗
∗ ∗

⊕ 𝑝𝑝 𝐶𝐶 ∗
∗ ∗

⊕ 𝑝𝑝 𝐼𝐼 ∗
∗ ∗

=

𝑝𝑝(0)
𝑝𝑝(𝐶𝐶)

𝑝𝑝(𝐼𝐼)
∗

∗ ∗

= 𝑝𝑝(Σ) ∗
∗ ∗

Thus,

𝑈𝑈Φ = 𝑊𝑊
𝑊𝑊′

𝑝𝑝(Σ) ∗
∗ ∗

𝑉𝑉
𝑉𝑉′

†
= 𝑝𝑝SV(𝐴𝐴) ∗

∗ ∗

∎
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Q1: how to find the phase factors 𝜙𝜙0,𝜙𝜙1, … ,𝜙𝜙𝑑𝑑  for a given polynomial 𝑝𝑝 𝜆𝜆 ?

Q2: how to approximate functions (e.g., ⁄1 𝑥𝑥, 𝑒𝑒𝑥𝑥, 𝑥𝑥𝑐𝑐, sgn 𝑥𝑥 ) by QSP polynomials?

Target function 
𝑓𝑓:𝒟𝒟 → ℝ

Low-degree polynomial 
approximation Phase factors finding
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• 𝑓𝑓 𝑥𝑥 = 1
𝑥𝑥

  for 𝑥𝑥 ∈ 𝒟𝒟 = −1,−𝜅𝜅−1 ∪ 𝜅𝜅−1, 1

• Preprocessing:  𝑓𝑓 𝑥𝑥 = 1
2𝜅𝜅𝜅𝜅

  so that 𝑓𝑓 ∞ = 1
2

• Chebyshev approximation
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• 𝑓𝑓 𝑥𝑥 = 1
𝑥𝑥

  for 𝑥𝑥 ∈ 𝒟𝒟 = −1,−𝜅𝜅−1 ∪ 𝜅𝜅−1, 1

• Preprocessing:  𝑓𝑓 𝑥𝑥 = 1
2𝜅𝜅𝜅𝜅

  so that 𝑓𝑓 ∞ = 1
2

• Chebyshev approximation

• Phase factors finding
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Fact.    For any nice (i.e.  Lipschitz) function 𝑓𝑓: −1,1 → ℂ, 𝑓𝑓 has a unique Chebyshev series 
decomposition:

𝑓𝑓 𝑥𝑥 = �
𝑘𝑘=0

∞

𝑎𝑎𝑘𝑘𝑇𝑇𝑘𝑘(𝑥𝑥) ,  where �
𝑘𝑘=0

∞

|𝑎𝑎𝑘𝑘| < ∞

• Equivalent to the Laurent series for 𝑔𝑔:𝕋𝕋 → ℂ

• Also equivalent to the Fourier series for ℎ: −𝜋𝜋,𝜋𝜋 → ℂ

• More about Chebyshev approximation will be discussed in my course 
CS 58500: Theoretical Computer Science Toolkit next semester
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Theorem (Tang-Tian ’24).

Let 𝑓𝑓 be an analytic function in [−1, 1], analytically continuable to the interior of the Bernstein 
ellipse 

ℰ𝜌𝜌 = ⁄𝑧𝑧 + 𝑧𝑧−1 2 ∶ 𝑧𝑧 = 𝜌𝜌
where 𝜌𝜌 = 1 + 𝛼𝛼 and 𝑓𝑓 ≤ 𝑀𝑀 on ℰ𝜌𝜌

For 𝛿𝛿 ∈ 0, 1
𝐶𝐶

min 1,𝛼𝛼2  where 𝐶𝐶 is a sufficiently large constant, 𝜀𝜀 ∈ (0, 1), and 𝑏𝑏 > 1, there is a 

polynomial 𝑞𝑞 of degree 𝒪𝒪 𝑏𝑏
𝛿𝛿

log 𝑏𝑏
𝛿𝛿𝛿𝛿

 such that

• 𝑓𝑓 − 𝑞𝑞 −1,1 ≤ 𝑀𝑀𝑀𝑀

• 𝑞𝑞 −1−𝛿𝛿,1+𝛿𝛿 ≤ 𝑀𝑀

• 𝑞𝑞 −𝑏𝑏,−1−𝛿𝛿 ∪ 1+𝛿𝛿,𝑏𝑏 ≤ 𝑀𝑀𝑀𝑀
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𝑓𝑓 𝑥𝑥 = 1
𝜅𝜅𝜅𝜅

  for  𝑥𝑥 ∈ 𝜅𝜅−1, 1

1. Linearly transform the approximation region to −1,1 :

𝑥𝑥 =
1 − 𝜅𝜅−1

2
𝑦𝑦 +

1 + 𝜅𝜅−1

2
,  𝑔𝑔 𝑦𝑦 =

2
𝜅𝜅 − 1 𝑦𝑦 + 𝜅𝜅 + 1

2. Determine the size of the Bernstein ellipse ℰ𝜌𝜌

→ 𝑔𝑔 𝑦𝑦  has a pole at 𝑦𝑦 = −𝜅𝜅+1
𝜅𝜅−1

→ 1 + 𝛼𝛼2

2
≤ 𝜅𝜅+1

𝜅𝜅−1
 ⇒  𝛼𝛼 ≤ 4

𝜅𝜅−1

→ Boundedness:  𝑔𝑔 𝑧𝑧 ≤ 𝑔𝑔 −1 − ⁄𝛼𝛼2 2 ≤ 𝑀𝑀

 ⟹  𝛼𝛼 ≤ 4 𝑀𝑀−1
𝑀𝑀(𝜅𝜅−1)

𝜌𝜌 + 𝜌𝜌−1

2
≤ 1 +

𝛼𝛼2

2

𝜌𝜌 − 𝜌𝜌−1

2
≤ 𝛼𝛼
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𝑓𝑓 𝑥𝑥 = 1
𝜅𝜅𝜅𝜅

  for  𝑥𝑥 ∈ 𝜅𝜅−1, 1

1. Linearly transform the approximation region to −1,1 :

𝑥𝑥 =
1 − 𝜅𝜅−1

2
𝑦𝑦 +

1 + 𝜅𝜅−1

2
,  𝑔𝑔 𝑦𝑦 =

2
𝜅𝜅 − 1 𝑦𝑦 + 𝜅𝜅 + 1

2. Determine the size of the Bernstein ellipse ℰ𝜌𝜌:  𝛼𝛼 ≤ 4 𝑀𝑀−1
𝑀𝑀(𝜅𝜅−1)

3. Determine the bounded region: 𝑥𝑥 ∈ −𝜅𝜅−1,𝜅𝜅−1     ⇔    𝑦𝑦 ∈ − 𝜅𝜅+3
𝜅𝜅−1

,−1

→ For 𝛿𝛿 = 1
𝐶𝐶
𝛼𝛼2 with a sufficiently large 𝐶𝐶, 

−1 − 𝛿𝛿 ≥ −
𝜅𝜅 + 3
𝜅𝜅 − 1

 ⟹  𝛼𝛼 ≤
4𝐶𝐶
𝜅𝜅 − 1
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𝑓𝑓 𝑥𝑥 = 1
𝜅𝜅𝜅𝜅

  for  𝑥𝑥 ∈ 𝜅𝜅−1, 1

1. Linearly transform the approximation region to −1,1 :

𝑥𝑥 =
1 − 𝜅𝜅−1

2
𝑦𝑦 +

1 + 𝜅𝜅−1

2
,  𝑔𝑔 𝑦𝑦 =

2
𝜅𝜅 − 1 𝑦𝑦 + 𝜅𝜅 + 1

2. Determine the size of the Bernstein ellipse ℰ𝜌𝜌:  𝛼𝛼 ≤ 4 𝑀𝑀−1
𝑀𝑀(𝜅𝜅−1)

3. Determine the bounded region: 𝑥𝑥 ∈ −𝜅𝜅−1,𝜅𝜅−1     ⇔    𝑦𝑦 ∈ − 𝜅𝜅+3
𝜅𝜅−1

,−1

4. Determine the vanishing region: 𝑥𝑥 ∈ −1,−𝜅𝜅−1      ⇔    𝑦𝑦 ∈ −3𝜅𝜅+1
𝜅𝜅−1

,−𝜅𝜅+3
𝜅𝜅−1

→ −𝑏𝑏 < −3𝜅𝜅+1
𝜅𝜅−1

    ⟹    𝑏𝑏 = 4

If we take 𝑀𝑀 = 2, 

then 𝛼𝛼 = 2
𝜅𝜅−1

, 

𝛿𝛿 = 𝒪𝒪 𝜅𝜅−1
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𝑓𝑓 𝑥𝑥 = 1
𝜅𝜅𝜅𝜅

  for  𝑥𝑥 ∈ 𝜅𝜅−1, 1

1. Linearly transform the approximation region to −1,1 :

𝑥𝑥 =
1 − 𝜅𝜅−1

2
𝑦𝑦 +

1 + 𝜅𝜅−1

2
,  𝑔𝑔 𝑦𝑦 =

2
𝜅𝜅 − 1 𝑦𝑦 + 𝜅𝜅 + 1

By the approximation theorem, there is a polynomial 𝑝𝑝 of degree 𝒪𝒪 𝑏𝑏
𝛿𝛿

log 𝑏𝑏
𝛿𝛿𝛿𝛿

= 𝒪𝒪 𝜅𝜅 log ⁄𝜅𝜅 𝜖𝜖  s.t.

• 𝑔𝑔(𝑦𝑦) − 𝑝𝑝(𝑦𝑦) −1,1 ≤ 𝜖𝜖                           

• 𝑝𝑝 𝑦𝑦 −1−𝛿𝛿,1+𝛿𝛿 ≤ 2

• 𝑝𝑝 𝑦𝑦 −4,−1−𝛿𝛿 ∪ 1+𝛿𝛿,4 ≤ 𝜖𝜖

Let 𝑞𝑞 𝑥𝑥 ≔ 𝑝𝑝 2
1−𝜅𝜅−1

𝑥𝑥 − 1+𝜅𝜅−1

2

• 𝑓𝑓(𝑥𝑥) − 𝑞𝑞(𝑥𝑥) 𝜅𝜅−1,1 ≤ 𝜖𝜖

• 𝑞𝑞 𝑥𝑥 −𝜅𝜅−1,𝜅𝜅−1 ≤ 2

• 𝑞𝑞 𝑥𝑥 −1,−𝜅𝜅−1 ≤ 𝜖𝜖

≤ 𝜖𝜖 𝑓𝑓 𝑥𝑥

≤ 𝒪𝒪 1
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𝑓𝑓 𝑥𝑥 = 𝑒𝑒𝛽𝛽𝛽𝛽  for  𝑥𝑥 ∈ −1,0

1. Linearly transform the approximation region to [−1,1]:
𝑥𝑥 = ⁄𝑦𝑦 − 1 2 ,  𝑔𝑔 𝑦𝑦 = exp ⁄𝛽𝛽 𝑦𝑦 − 1 2

2. Determine the size of the Bernstein ellipse ℰ𝜌𝜌:

→ 𝑔𝑔 𝑦𝑦  is analytic everywhere

→ 𝑔𝑔 𝑧𝑧 ≤ 𝑔𝑔 1 + 𝛼𝛼2

2
= 𝑒𝑒

𝛽𝛽𝛼𝛼2

4 ≤ 𝑀𝑀

→ 𝛼𝛼 ≤ 2 𝛽𝛽−1 log𝑀𝑀

𝜌𝜌 + 𝜌𝜌−1

2
≤ 1 +

𝛼𝛼2

2

𝜌𝜌 − 𝜌𝜌−1

2
≤ 𝛼𝛼
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𝑓𝑓 𝑥𝑥 = 𝑒𝑒𝛽𝛽𝛽𝛽  for  𝑥𝑥 ∈ −1,0

1. Linearly transform the approximation region to [−1,1]:
𝑥𝑥 = ⁄𝑦𝑦 − 1 2 ,  𝑔𝑔 𝑦𝑦 = exp ⁄𝛽𝛽 𝑦𝑦 − 1 2

2. Determine the size of the Bernstein ellipse ℰ𝜌𝜌: 𝛼𝛼 ≤ 2 𝛽𝛽−1 log𝑀𝑀

3. Determine the bounded region: 𝑥𝑥 ∈ 0,1     ⇔    𝑦𝑦 ∈ 1, 3

→ 𝑏𝑏 = 3

→ 𝑀𝑀 = 2

→ 𝛿𝛿 = Θ 𝛼𝛼2 = Θ 1
𝛽𝛽
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𝑓𝑓 𝑥𝑥 = 𝑒𝑒𝛽𝛽𝛽𝛽  for  𝑥𝑥 ∈ −1,0

1. Linearly transform the approximation region to [−1,1]:
𝑥𝑥 = ⁄𝑦𝑦 − 1 2 ,  𝑔𝑔 𝑦𝑦 = exp ⁄𝛽𝛽 𝑦𝑦 − 1 2

By the approximation theorem, there is a polynomial 𝑝𝑝 of degree 𝒪𝒪 𝑏𝑏
𝛿𝛿

log 𝑏𝑏
𝛿𝛿𝛿𝛿

= 𝒪𝒪 𝛽𝛽 log ⁄𝛽𝛽 𝜖𝜖  s.t.

• 𝑔𝑔(𝑦𝑦) − 𝑝𝑝(𝑦𝑦) −1,1 ≤ 𝜖𝜖                           

• 𝑝𝑝 𝑦𝑦 1,1+𝛿𝛿 ≤ 2

• 𝑝𝑝 𝑦𝑦 1+𝛿𝛿,3 ≤ 𝜖𝜖

The block-encoding for 𝑒𝑒𝛽𝛽𝛽𝛽 has been used in quantum LP/SDP solvers (van Apeldoorn-Gilyén ’19; Bouland et 
al. ’23)

Let 𝑞𝑞 𝑥𝑥 ≔ 𝑝𝑝 2𝑥𝑥 + 1

• 𝑓𝑓(𝑥𝑥) − 𝑞𝑞(𝑥𝑥) −1,0 ≤ 𝜖𝜖

• 𝑞𝑞 𝑥𝑥 0,1 ≤ 2
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Finding phase factors was a hard task at the time when QSP was proposed, but hasbeen practically 
solved so far

• Remez exchange algorithm

• Weiss algorithm/root-finding (Gilyen et al. ’18; Haah ’19)  Numerically unstable

• Capitalization (Chao et al. ’20)

• Prony’s method (Ying ’22)

• Half-Cholesky (Ni-Ying ’24)

• Inverse non-linear fast Fourier transform (Ni et al. ’25)

• Optimization based algorithm (Dong  et al. ’20; Wang et al ’22; Dong et al.’23)

• Fixed point iteration (Dong et al. ’22)

Direct 
methods

Iterative 
methods
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For Φ = 𝜙𝜙0,𝜙𝜙1, … ,𝜙𝜙𝑑𝑑 ∈ ℝ𝑑𝑑+1, define the QSP operator in 𝑊𝑊-convention:

𝑈𝑈𝑑𝑑 𝑥𝑥,Φ ≔ 𝑒𝑒𝐢𝐢𝜙𝜙0𝑍𝑍�
𝑗𝑗=1

𝑑𝑑

𝑊𝑊 𝑥𝑥 𝑒𝑒𝐢𝐢𝜙𝜙𝑗𝑗𝑍𝑍 ,  𝑊𝑊 𝑥𝑥 = 𝑒𝑒𝐢𝐢 arccos 𝑥𝑥 𝑋𝑋 = 𝑥𝑥 𝐢𝐢 1 − 𝑥𝑥2

𝐢𝐢 1 − 𝑥𝑥2 𝑥𝑥

• 𝑊𝑊 𝑥𝑥 = 𝑒𝑒−𝐢𝐢
𝜋𝜋
4𝑍𝑍𝑂𝑂 𝑥𝑥 𝑒𝑒𝐢𝐢

𝜋𝜋
4𝑍𝑍, where 𝑂𝑂 𝑥𝑥 = 𝑥𝑥 − 1 − 𝑥𝑥2

1 − 𝑥𝑥2 𝑥𝑥
 as in our previous definition

Example 1: Chebyshev polynomial

• Φ = 0, … , 0

• 𝑈𝑈𝑑𝑑 𝑥𝑥,Φ = cos(𝑑𝑑𝑑𝑑) 𝐢𝐢 sin 𝑑𝑑𝑑𝑑
𝐢𝐢 sin 𝑑𝑑𝑑𝑑 cos(𝑑𝑑𝑑𝑑)  where 𝑥𝑥 = cos 𝜃𝜃

• 𝑇𝑇𝑑𝑑 𝑥𝑥 = Re 𝑈𝑈𝑑𝑑 𝑥𝑥,Φ 1,1
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For Φ = 𝜙𝜙0,𝜙𝜙1, … ,𝜙𝜙𝑑𝑑 ∈ ℝ𝑑𝑑+1, define the QSP operator in 𝑊𝑊-convention:

𝑈𝑈𝑑𝑑 𝑥𝑥,Φ ≔ 𝑒𝑒𝐢𝐢𝜙𝜙0𝑍𝑍�
𝑗𝑗=1

𝑑𝑑

𝑊𝑊 𝑥𝑥 𝑒𝑒𝐢𝐢𝜙𝜙𝑗𝑗𝑍𝑍 ,  𝑊𝑊 𝑥𝑥 = 𝑒𝑒𝐢𝐢 arccos 𝑥𝑥 𝑋𝑋 = 𝑥𝑥 𝐢𝐢 1 − 𝑥𝑥2

𝐢𝐢 1 − 𝑥𝑥2 𝑥𝑥

• 𝑊𝑊 𝑥𝑥 = 𝑒𝑒−𝐢𝐢
𝜋𝜋
4𝑍𝑍𝑂𝑂 𝑥𝑥 𝑒𝑒𝐢𝐢

𝜋𝜋
4𝑍𝑍, where 𝑂𝑂 𝑥𝑥 = 𝑥𝑥 − 1 − 𝑥𝑥2

1 − 𝑥𝑥2 𝑥𝑥
 as in our previous definition

Example 2: all-zero function

• Φ = 𝜋𝜋
4

, 0, … , 0, 𝜋𝜋
4

• 𝑈𝑈𝑑𝑑 𝑥𝑥,Φ = 𝑒𝑒𝐢𝐢
𝜋𝜋
4𝑍𝑍𝑒𝑒𝐢𝐢𝑑𝑑𝑑𝑑𝑑𝑑𝑒𝑒𝐢𝐢

𝜋𝜋
4𝑍𝑍 = 𝐢𝐢cos(𝑑𝑑𝑑𝑑) 𝐢𝐢 sin 𝑑𝑑𝑑𝑑

𝐢𝐢 sin 𝑑𝑑𝑑𝑑 −𝐢𝐢cos(𝑑𝑑𝑑𝑑)  where 𝑥𝑥 = cos 𝜃𝜃

• 0 = Re 𝑈𝑈𝑑𝑑 𝑥𝑥,Φ 1,1
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For Φ = 𝜙𝜙0,𝜙𝜙1, … ,𝜙𝜙𝑑𝑑 ∈ ℝ𝑑𝑑+1, define the QSP operator in 𝑊𝑊-convention:

𝑈𝑈𝑑𝑑 𝑥𝑥,Φ ≔ 𝑒𝑒𝐢𝐢𝜙𝜙0𝑍𝑍�
𝑗𝑗=1

𝑑𝑑

𝑊𝑊 𝑥𝑥 𝑒𝑒𝐢𝐢𝜙𝜙𝑗𝑗𝑍𝑍 ,  𝑊𝑊 𝑥𝑥 = 𝑒𝑒𝐢𝐢 arccos 𝑥𝑥 𝑋𝑋 = 𝑥𝑥 𝐢𝐢 1 − 𝑥𝑥2

𝐢𝐢 1 − 𝑥𝑥2 𝑥𝑥

• 𝑊𝑊 𝑥𝑥 = 𝑒𝑒−𝐢𝐢
𝜋𝜋
4𝑍𝑍𝑂𝑂 𝑥𝑥 𝑒𝑒𝐢𝐢

𝜋𝜋
4𝑍𝑍, where 𝑂𝑂 𝑥𝑥 = 𝑥𝑥 − 1 − 𝑥𝑥2

1 − 𝑥𝑥2 𝑥𝑥
 as in our previous definition

Example 3: trigonometric functions  (𝑓𝑓 𝑥𝑥 = 1
2

cos 100𝑥𝑥 )

• 𝑑𝑑 = 150 • Symmetric

• Decaying fast
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• Due to the parity constraint, the target polynomial has degree of freedom 𝑑̃𝑑 = 𝑑𝑑+1
2

• On the other hand, Φ has dof = 𝑑𝑑

• We define the symmetric phase factors:  Φ = 𝜙𝜙0,𝜙𝜙1, … ,𝜙𝜙1,𝜙𝜙0 ∈ 𝐷𝐷𝑑𝑑, where

𝐷𝐷𝑑𝑑 =
−
𝜋𝜋
2 ,
𝜋𝜋
2

𝑑𝑑
2

× −𝜋𝜋,𝜋𝜋 × −
𝜋𝜋
2 ,
𝜋𝜋
2

𝑑𝑑
2

, 𝑑𝑑 is odd

−
𝜋𝜋
2 ,
𝜋𝜋
2

𝑑𝑑+1
,  𝑑𝑑 is even
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Theorem (Gilyén et al. ’18).    Let 𝑓𝑓 𝑥𝑥 ∈ ℝ 𝑥𝑥  be a degree-𝑑𝑑 polynomial for some 𝑑𝑑 ≥ 1 such that

• 𝑓𝑓 𝑥𝑥  has parity 𝑑𝑑 mod 2

• 𝑓𝑓 𝑥𝑥 −1,1 ≤ 1

Then there exists phase factors Φ such that 𝑓𝑓 𝑥𝑥 = Re 𝑈𝑈𝑑𝑑 𝑥𝑥,Φ 1,1

However, the choice of Φ is highly non-unique. There are combinatorically many global optimal 
solutions
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Theorem (Wang-Dong-Lin ’22).    For any 𝑃𝑃 𝑥𝑥 ∈ ℂ 𝑥𝑥  and 𝑄𝑄(𝑥𝑥) ∈ ℝ 𝑥𝑥  satisfying 

1.  deg 𝑃𝑃 = 𝑑𝑑, deg 𝑄𝑄 = 𝑑𝑑 − 1

2.  𝑃𝑃 has parity 𝑑𝑑 mod 2  and 𝑄𝑄 has parity 𝑑𝑑 − 1 mod 2

3. 𝑃𝑃 𝑥𝑥 2 + 1 − 𝑥𝑥2 𝑄𝑄 𝑥𝑥 2 = 1 for all 𝑥𝑥 ∈ −1,1

4.  If 𝑑𝑑 is odd, then the leading coefficient of 𝑄𝑄 is positive

there exists a unique set of symmetric phase factors Φ ∶= 𝜙𝜙0,𝜙𝜙1, … ,𝜙𝜙1,𝜙𝜙0 ∈ 𝐷𝐷𝑑𝑑 such that

𝑈𝑈𝑑𝑑 𝑥𝑥,Φ = 𝑃𝑃 𝑥𝑥 𝐢𝐢𝑄𝑄 𝑥𝑥 1 − 𝑥𝑥2

𝐢𝐢𝑄𝑄 𝑥𝑥 1 − 𝑥𝑥2 𝑃𝑃∗ 𝑥𝑥

 Still highly non-unique if Im(𝑃𝑃) and 𝑄𝑄 are not specified 



Finding phase factors via optimization

November 13, 2025 47

• Parity: only 𝑑̃𝑑 = 𝑑𝑑+1
2

 degree of freedom to determine 𝑓𝑓 𝑥𝑥

• Sampling on Chebyshev nodes 𝑥𝑥𝑘𝑘 = cos 2𝑘𝑘−1
4 �𝑑𝑑

𝜋𝜋 ,  for 𝑘𝑘 = 1, … , 𝑑̃𝑑

• Define the loss function:

Φ⋆ = arg min
Φ∈𝐷𝐷𝑑𝑑

𝐹𝐹(Φ) ,  𝐹𝐹 Φ ≔
1
𝑑̃𝑑
�
𝑘𝑘=1

�𝑑𝑑

Re 𝑈𝑈𝑑𝑑 𝑥𝑥𝑘𝑘 ,Φ 1,1 − 𝑓𝑓 𝑥𝑥𝑘𝑘
2

• Global minimum:  𝐹𝐹 Φ⋆ = 0
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Only global minima 

𝑓𝑓 𝑥𝑥 = 𝑥𝑥2 −
1
2

𝑓𝑓 𝑥𝑥 =
1
3
𝑥𝑥3 −

2
3
𝑥𝑥
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If slightly increase the degree 𝑑𝑑
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Theorem (Wang-Dong-Lin ’22).   There is a bijection between global minimizers and all QSP-
admissible 𝑃𝑃 𝑥𝑥 ,𝑄𝑄 𝑥𝑥  pairs with Re 𝑃𝑃 𝑥𝑥 = 𝑓𝑓 𝑥𝑥

• 𝑃𝑃 = 𝑓𝑓 + 𝐢𝐢 ⋅ Im(𝑃𝑃)  

• Im 𝑃𝑃 ,𝑄𝑄 ∈ ℝ 𝑥𝑥  are called the complementary polynomials

• By the normalization condition:

𝑃𝑃 2 + 1 − 𝑥𝑥2 𝑄𝑄2 = 1 ⟹  1 − 𝑓𝑓2 = Im 𝑃𝑃 2 + 1 − 𝑥𝑥2 𝑄𝑄2

• For 𝑥𝑥 = cos 𝜃𝜃 = 1
2
𝑒𝑒𝐢𝐢𝜃𝜃 + 𝑒𝑒−𝐢𝐢𝜃𝜃 = 1

2
𝑧𝑧 + 𝑧𝑧−1 , 1 − 𝑓𝑓 ⁄𝑧𝑧 + 𝑧𝑧−1 2 2 can be expressed as a 

Laurent polynomial ℂ 𝑧𝑧, 𝑧𝑧−1 , which determines all roots of RHS

• All possible Im 𝑃𝑃  and 𝑄𝑄 can be reconstructed from the roots
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Fixed initial guess Φ0 = 𝜋𝜋
4

, 0, … , 0, 𝜋𝜋
4

• Used in qsppack for all examples

• Robust for all target functions seen so far!

• One special solution for the all-zero function 𝑓𝑓 = 0

Wang-Dong-Lin ’22:  when 𝑓𝑓 ∞ ≾ 𝑑𝑑−1,

• A neighborhood around Φ0 is strongly convex

• A global minimizer is contained in that region
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• We define a mapping from phase factors to the function’s Chebyshev coefficients:

𝐹𝐹 Φ = 𝑐𝑐 s. t.  Re 𝑈𝑈𝑑𝑑 𝑥𝑥,Φ 1,1 = �
𝑗𝑗=0

𝑑𝑑

𝑐𝑐𝑗𝑗𝑇𝑇𝑗𝑗 𝑥𝑥

• Start from Φ0 = 𝜋𝜋
4

, 0, … , 0, 𝜋𝜋
4

• Fixed point iteration:

Φ𝑡𝑡+1 = Φ𝑡𝑡 −
1
2 𝐹𝐹 Φ𝑡𝑡 − 𝑐𝑐⋆

Dong-Lin-Ni-Wang ’24:  when 𝑐𝑐⋆ 1 ≈ 1, the FPI algorithm converges linearly to the global 
minimizer
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For any compactly supported sequence 𝛾𝛾 ∈ ℓ0 ℤ , whose support lies in 𝑚𝑚,𝑛𝑛 ⊂ ℤ, its nonlinear 
Fourier transform is defined as:

� 𝛾𝛾 𝑧𝑧 ≔ �
𝑘𝑘=𝑚𝑚

𝑛𝑛
1

1 + 𝛾𝛾𝑘𝑘 2

1 𝛾𝛾𝑘𝑘𝑧𝑧𝑘𝑘

−𝛾𝛾𝑘𝑘𝑧𝑧−𝑘𝑘 1
= 𝑎𝑎 𝑧𝑧 𝑏𝑏 𝑧𝑧

−𝑏𝑏∗ 𝑧𝑧 𝑎𝑎∗ 𝑧𝑧

where 𝑎𝑎 𝑧𝑧 , 𝑏𝑏 𝑧𝑧  are Laurent polynomials and 𝑎𝑎∗ 𝑧𝑧 = 𝑎𝑎 𝑧𝑧−1

Finding phase factors via inverse NLFT

• For the degree-𝑑𝑑 target polynomial 𝑓𝑓 𝑥𝑥 , let 𝑏𝑏 𝑒𝑒2𝐢𝐢𝜃𝜃 = 𝑒𝑒𝐢𝐢𝑑𝑑𝑑𝑑𝑓𝑓 cos𝜃𝜃

• We can find Laurent polynomial 𝑎𝑎 𝑧𝑧 , 𝑏𝑏 𝑧𝑧  with 𝑎𝑎𝑎𝑎∗ + 𝑏𝑏𝑏𝑏∗ = 1 by the Weiss algorithm

• Apply inverse nonlinear Fourier transform to obtain 𝛾𝛾 and define 𝜙𝜙𝑘𝑘 = arctan 𝛾𝛾𝑘𝑘 for 𝑘𝑘 =
0, … ,𝑑𝑑

• 𝑓𝑓 𝑥𝑥 = Im 𝑈𝑈𝑑𝑑 𝑥𝑥𝑘𝑘 ,Φ 1,1
See the recent survey (Lin ’25, arXiv:2510.00443)
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• P1:  If supp 𝛾𝛾 = 𝑚𝑚,𝑛𝑛 , then supp 𝑏𝑏 = 𝑚𝑚,𝑛𝑛  and supp 𝑎𝑎 = 𝑚𝑚 − 𝑛𝑛, 0

• P2:  If 𝛾𝛾′ = 𝛾𝛾→1, then 𝑎𝑎′ = 𝑎𝑎 and 𝑏𝑏′ = 𝑧𝑧𝑧𝑧

0 3

0 3

0

𝛾𝛾:

𝑏𝑏:

𝑎𝑎:

0 4 6

0 4 6

0

𝛾𝛾:

𝑏𝑏:

𝑎𝑎:−3 −2
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Suppose the unknown 𝛾𝛾 is supported on 0,𝑛𝑛 − 1

 [𝛾𝛾0, 𝛾𝛾1, … , 𝛾𝛾𝑛𝑛−1] 𝑧𝑧 = �
𝑘𝑘=0

𝑛𝑛−1
1

1 + 𝛾𝛾𝑘𝑘 2

1 𝛾𝛾𝑘𝑘𝑧𝑧𝑘𝑘

−𝛾𝛾𝑘𝑘𝑧𝑧−𝑘𝑘 1
= 𝑎𝑎 𝑧𝑧 𝑏𝑏 𝑧𝑧

−𝑏𝑏∗ 𝑧𝑧 𝑎𝑎∗ 𝑧𝑧

=
1

1 + 𝛾𝛾0 2

1 𝛾𝛾0
−𝛾𝛾0 1 ⋅  0, 𝛾𝛾1, … , 𝛾𝛾𝑛𝑛−1 𝑧𝑧

• If   [𝛾𝛾1, 𝛾𝛾2, … , 𝛾𝛾𝑛𝑛−1] 𝑧𝑧 =
𝑎𝑎1 𝑏𝑏1
−𝑏𝑏1∗ 𝑎𝑎1∗

, then  [0, 𝛾𝛾1, … , 𝛾𝛾𝑛𝑛−1] 𝑧𝑧 =
𝑎𝑎1 𝑧𝑧𝑏𝑏1

− 𝑧𝑧𝑏𝑏1 ∗ 𝑎𝑎1∗
  by P2

• We get a linear equation:
1

1 + 𝛾𝛾0 2

1 𝛾𝛾0
−𝛾𝛾0 1

𝑎𝑎1 𝑧𝑧 𝑧𝑧𝑏𝑏1 𝑧𝑧
−𝑧𝑧−1𝑏𝑏1∗ 𝑧𝑧 𝑎𝑎1∗ 𝑧𝑧

= 𝑎𝑎 𝑧𝑧 𝑏𝑏 𝑧𝑧
−𝑏𝑏∗ 𝑧𝑧 𝑎𝑎∗ 𝑧𝑧

⟹  
𝑎𝑎1 𝑧𝑧 𝑧𝑧𝑏𝑏1 𝑧𝑧

−𝑧𝑧−1𝑏𝑏1∗ 𝑧𝑧 𝑎𝑎1∗ 𝑧𝑧
=

1
1 + 𝛾𝛾0 2

1 −𝛾𝛾0
𝛾𝛾0 1

𝑎𝑎 𝑧𝑧 𝑏𝑏 𝑧𝑧
−𝑏𝑏∗ 𝑧𝑧 𝑎𝑎∗ 𝑧𝑧
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Suppose   [𝛾𝛾0, … , 𝛾𝛾𝑛𝑛−1] 𝑧𝑧 = 𝑎𝑎 𝑏𝑏
−𝑏𝑏∗ 𝑎𝑎∗   and    [𝛾𝛾1, … , 𝛾𝛾𝑛𝑛−1] 𝑧𝑧 =

𝑎𝑎1 𝑏𝑏1
−𝑏𝑏1∗ 𝑎𝑎1∗

Then

𝑎𝑎1∗ 𝑧𝑧 =
𝑎𝑎∗ 𝑧𝑧 + 𝛾𝛾0𝑏𝑏 𝑧𝑧

1 + 𝛾𝛾0 2
, 𝑏𝑏1 𝑧𝑧 =

−𝛾𝛾0𝑎𝑎∗ 𝑧𝑧 + 𝑏𝑏 𝑧𝑧
𝑧𝑧 1 + 𝛾𝛾0 2

• By P1, 𝑏𝑏1 𝑧𝑧  is a polynomial, which implies that

𝛾𝛾0 =
𝑏𝑏 0
𝑎𝑎∗ 0

• Using (𝑎𝑎1,𝑏𝑏1), we can apply the same procedure to recover 𝛾𝛾1 and 𝑎𝑎2,𝑏𝑏2  for  [𝛾𝛾2, … , 𝛾𝛾𝑛𝑛−1] 𝑧𝑧 , and 
then 𝛾𝛾3, 𝛾𝛾4, …

• Complexity:  𝒪𝒪 𝑛𝑛2
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• P3:  If supp 𝛾𝛾1  is on the left of supp 𝛾𝛾2 , then  𝛾𝛾1 ∘ 𝛾𝛾2 𝑧𝑧 =� 𝛾𝛾1 𝑧𝑧 � 𝛾𝛾2 𝑧𝑧

• Idea:  strip ⁄𝑛𝑛 2 layers at a time
 [𝛾𝛾0, 𝛾𝛾1, … , 𝛾𝛾𝑚𝑚−1]  [0, … , 0, 𝛾𝛾𝑚𝑚, … , 𝛾𝛾𝑛𝑛−1] = [𝛾𝛾0, 𝛾𝛾1, … , 𝛾𝛾𝑛𝑛−1] 

0 3

𝛾𝛾1:

𝛾𝛾2:

𝛾𝛾:

𝜂𝜂𝑚𝑚∗ 𝜉𝜉𝑚𝑚
−𝜉𝜉𝑚𝑚∗ 𝜂𝜂𝑚𝑚

𝑎𝑎𝑚𝑚 𝑧𝑧𝑚𝑚𝑏𝑏𝑚𝑚
−𝑧𝑧−𝑚𝑚𝑏𝑏𝑚𝑚∗ 𝑎𝑎𝑚𝑚∗

𝑎𝑎 𝑏𝑏
−𝑏𝑏∗ 𝑎𝑎∗

=

𝑧𝑧𝑚𝑚𝑏𝑏𝑚𝑚 𝑧𝑧
𝑎𝑎𝑚𝑚∗ 𝑧𝑧 = 𝜂𝜂𝑚𝑚 𝑧𝑧 −𝜉𝜉𝑚𝑚 𝑧𝑧

𝜉𝜉𝑚𝑚∗ 𝑧𝑧 𝜂𝜂𝑚𝑚∗ 𝑧𝑧
𝑏𝑏0 𝑧𝑧
𝑎𝑎0∗ 𝑧𝑧

• Polynomial multiplication via FFT

• Total complexity 𝒪𝒪 𝑛𝑛 log𝑛𝑛
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