CS 59300 — Algorithms for Data Science
Classical and Quantum approaches

- Lecture 20 (11/18)
~ "~ Quantum linear algebra toolkits (V)

https:Ilruizhezhang.comlcoufse fall 2025.html

- The slides are partly based on Dong An and Lin Lin’s talk



https://ruizhezhang.com/course_fall_2025.html

Quantum linear algebra toolbox

- Basic linear algebra operations
- Linear systems of equations

« Matrix functions

Functions of Hermitian matrices: quantum signal processing (QSP), qubitization

Functions of general matrices: quantum singular value transformation (QSVT), Hrear

hinat € o rniltonian simulat LCus)
- Applications
Quantum walk

Hamiltonian simulation

Quantum ordinary differential equation (ODE) solvers
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Quantum walk

Classical random walk

Let P be transition matrix of a Markov chain on a graph G(V, E):

PijZO, ZPU:]‘VLEV
J

Let T be the stationary distribution, i.e., TP = @ (m is unique and positive if P is ergodic)

P is reversible if
T[iPij = T[jpji Vl,] eV

The discriminant matrix D is a real symmetric matrix defined as:
Dyj = /Pijpji
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Quantum walk

Classical random walk

The discriminant matrix D is a real symmetric matrix defined as:

Dyj = /Pijpji

Fact. Define the coherent version of the stationary state (i.e. gsample):
m) = ) VAl
i
Then, it holds that

Dym =+m
D = diag(y/m) - P - diag(y/m) ™, i.e. D and P have the same eigenvalues
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Block-encoding for the discriminant matrix

Assume that we have access to the transition matrix P via an oracle gate Op:

05100} = ) [Pilioly
k

Then, the following quantum circuit is a Hermitian block-encoding for D:
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Szegedy’s quantum walk

Consider the qubitization for Hermitian block-encoding:

|0’”—> 1 ZH L

[¥)

0" is a block-encoding for Ty (D)

O has invariant subspaces {#;} such that

Ai - /1 — A2 |
0], = l l Eigenvalues: etiarccos(4)
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Szegedy’s quantum walk

Consider the qubitization for Hermitian block-encoding:

0™) =+ Zn

[¥)

0% is a block-encoding for T, (D) = 0O(+/t) cost to implement D¢|v) (fast-forwarding)

+i arccos(/li)}

The eigenvalues of O are {e— where {4;} are the eigenvalues of D

> The largest eigenvalue of D is 1 (corresponding to +/m), and arccos(1) = 0

> The other eigenvalues of D < 1 — § (the spectral gap), and arccos(1 — §) = V26

(spectral gap amplification)
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Quadratically faster hitting

Find a marked vertex in a graph (Szegedy '04; Magniez et al. ’06; Belovs’13; Ambainis et al. ’19;
Piddock et al. "19): O(hitting time) — O(4/hitting time)

Element distinctness (Ambainis '03): O(nlogn) — 0(n2/3)

Triangle finding (Magniez et al.’03): O(n®) — O(n'?3)

Matrix-product verification (Buhrman-Spalek '04): 0(n?) — 0(n%/3)

Closest-pair problem (Aaronson et al. '20): O(nlogn) — 0(n?/3)
Quadratically faster “mixing” (qsample preparation)

Partition function estimation (Harrow-Wei '20; Chakrabarti et al. ’23), Logconcave sampling
(Childs et al. ’22), Approximate convex optimization (Li-Z ’22), non-logconcave sampling (Ozgul
et al.’23)

Fast-forwarding classical Markov chain

Graph property testing (Apers-Sarlette "19; Apers '20)
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MNRS framework for quantum walk search

Let P be a Markov chain on a graph I/ such that the vertices in M c V are “marked”. The goal is to decide
whether M is empty or find a vertex x € M

Consider three operations:

Setup: preparing the initial state ) = ﬁzxev,mxlx) Cost: S
Update: applying the transformation [x}|0) = |x) Xy /Pxy|Y) Cost: U

—|x) ifxeM

Checking: applying the transformation |x) — {Ix) otherewise Cost: C

max{|M|,1}

1 and 6 be the spectral gap of P

Let A =

L 1 /(1
Then, the quantum walk complexity is O (S + 7 (ﬁ U+ C))
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Quantum walk for Element Distinctness

Given n numbers (ay, ay, ..., @, ), decide whether there exist i # j such that a; = a;
Johnson graph J(n,r)

< Vertices: r-subsets of [n]

» Edges: S~ S' ifandonlyif |[SNS'|=r—-1
S is marked if there are i # j € S such that a; = q;

Let P be the “natural” random walk on J(n, )
A= (?:;)/(’;) = 0@?/n?) and § > 1/r

Apply the MNRS quantum walk on |T) « Zs|ai1, aj,, ", air)

Consider the query complexity: S=7r, U=1, and C =0

1

0(5+%(\/§U+C)) =0(r+%) = 0(n?/?) if we choose r = n?/3
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Hamiltonian simulation

Hamiltonian Simulation Problem: Given a description of the Hamiltonian H(t), an evolution time ¢t
and an initial state |¢(0)), to produce the final state [y)(t)) within in some error tolerance ¢

Time independent:
H(t) = H, a 2™-by-2" matrix
Schrédinger equation: id,|Y(t)) = H|Y(t)), |Y(0)) = |Y)
Equivalently, [ (t)) = e HE|y)
Complexity:
BQP-complete

No fast-forwarding theorem: simulating the dynamics for time t requires Q(t) cost
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Quantum algorithms for Hamiltonian simulation

“Old” approach: Trotterization (= Product Formulae = Time/Operator Splitting)

First-order Trotter formula for H = H; + H,:

n

e 1Ht — (e—int/Le—iHlt/L)L + 0(||[H1,H2]||t2/L)

0(” [Hll HZ:

o—iH1t/L

|lt?e~1) queries to e

o—iHat/L

—iH, At

and e

—iH, At

o—iHit/L

High order (p-th): query complexity O(ayt**1/Pe~1/7)

November 19, 2025

14

o—iHat/L




Proof of the (first-order) Trotter error bound

U(t) == e 1tH2p~1tH1 gatisfies the ODE:
i0,0(t) = Hye itHzgitHy y g=itHz JJ pitHy
— (Hy + H,)e itHzgitHy _ [ o=ithy p=itHy | o~ithy ] o-itHy

— 4+ [e‘itHZ,Hl]e_itHl
| J

Initial condition: U(0) = I Bét)
Duhamel’s principle:
_ ¢
T(t) = — iJ B(s)ds
0
rt
— —j e_iSHZ,H e_iSHldS
) S

[T = 7| < fyll[e™"2, Hy]llds
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Proof of the (first-order) Trotter error bound

[T = 7| < fyll[e™"2, Hy]llds

Consider G(t) == |e™1tHz2, H, |eitHz = ¢~itHz2j ¢itHz — |, which satisfies the ODE:
i0,G(t) = e 'H2[H,, H,]e'H2
Initial condition: G(0) = 0

We can directly bound the norm:
t
|[e 72, Hy ||| = G (D] < f |e~*SH2[H,, Hy]e'#2||ds = t||[Hy, H, ]|
0
Thus,

t
56) — 1] < [ e, [ ds < e,
0
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Quantum algorithms for Hamiltonian simulation

Modern approach: QSVT
Assume that we have access to Uy, the block-encoding for H
el = cos(tx) + isin(tx)

Chebyshev expansion on [—1,1]:

cos(tx) = Jo() +2 ) (=1)¥)pi (DT ()
k=1

sin(tx) = 2 ) (=1 2 (OTzies1 ()
k=1

log(1/€)
log(e+log(1/€)/t)

The series converges rapidly so that we can truncate it after ® (t + ) terms
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Quantum algorithms for Hamiltonian simulation

Modern approach: QSVT
Assume that we have access to Uy, the block-encoding for H
el™ = cos(tx) + isin(tx)
By QSVT, we can implement cos(tH) and sin(tH) with complexity O(t + log(1/€))
By LCU, we get a block-encoding for %eitH, i.e. a(2,a+ 2,€)-block-encoding for e'tH
How to convert %eitH to elth?
Oblivious amplitude amplification (OAA)

P(x) = 3x — 4x3, which maps 1/2 to 1 and is bounded by 1 in [—1,1]

pSV (leth) _ iHt
2
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Quantum algorithms for Hamiltonian simulation

Modern approach: QSVT

Assume that we have access to Uy, an (a, m, 0)-block-encoding for H

We can implement a (1, m + 2, €)-block-encoding for e ™1

Un

L using O(at + log(1/€)) queries to
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Time-dependent Hamiltonian simulation

The goal is to implement
Te_i f(fH(s)ds

Trotterization (Wiebe et al. "10):
High order (p-th order) generalization: 0(2 |97 H; ||)P+1

Series truncation (Berry et al. ’15; Low-Wiebe "18; Kieferova et al. ’18; An et al. '22):
Dyson series
t t,

.t t
Te i Jo H(S)ds =I—if dt,H(t,) —j dt, | dt;H(t)H(t;) + -+
0 0

a’t?
LCU cost: 0( - ) where a = m[%ulg |H (s)||
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Quantum ODE solver

Quantum ODE Problem:

du(t)
de

The goal is to prepare a quantum state encoding the solution in its amplitude:

= —A(t)u(t) + b(t), u(0) = uy

N-1
1 |
u(T) = st JZO (1))
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Quantum ODE solver: finite difference method

Discretization:

u(t +h) —u(t)
h

Linear system:

~ —A()u(t) + b(t) Ay = A(kh), by = b(kh)

I TMu@ 71 | Yo -
—(I = hA,) I u(h) boh
—(I—hAy) 1 u(2h)|=| bih
. Finite Difference Methods
—(I—-h4,_y) Il u(T) | | b,,_1h. for Ordinary and Partial

Differential Equations

Steady-State and Time-Dependent Problems

QLSP + Dyson (Berry-Costa ’22):
O (c“iaT log? e)) queries of 4 and O (c“['aT log e)) queries of u, == l‘

T

7 += max||u(0))/ (T and a = maxl| A e

siam
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Linear combination of Hamiltonian simulation (LCHS)

This method is designed to map any non-unitary dynamics to Hamiltonian simulation problems

du(t)
= —A(t)u(t), u(0) = ug
dt
Suppose A(t) is non-Hermitian, and can be decomposed into Hermitian and anti-Hermitian
parts:
A(t) + AT(t) A = AT(@)

A(t) = L(t) +iH(¢t), L(t) =

) Ht— .
2 (£) 21

We assume that L(t) > 0 for stability
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Linear combination of Hamiltonian simulation (LCHS)

Theorem (An-Liu-Lin ’23; An-Childs-Lin ’23).
Suppose A(t) = L(t) +iH(t) and L(t) > 0, then

t
ODE solution: ~ Te~ JoA(S)ds — j U, (t)dk
(1 + k2) <(t)
Here U, (t) are unitaries that solve the Schrodinger equation:
dU,(t)

= —i(kL(®) + HO)Ux (©), U(0) =1
Ue(t) =Te™ [5(KL(s)+H(s))ds

dt

Time-dependent Hamiltonian simulation:
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Special cases

T o [T (KL(s)+H(s))ds dk

T Jo L) +iH(ds _ f 1
r7T(1+ k%)

A(t) = iH (only the anti-Hermitian part):

. . 1
—1Ht _ ,—1Ht
© © fRn(l + k?) dk

is the pdf of the Cauchy distribution

mw(1+k?2)

A(t) = L (only the Hermitian part):

e—Lt :j 1 e—iktLdk
RTL’(]. + kZ)

. . —|x| S
TR S the Fourier transform of e™*'and L > 0
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LCHS algorithm

LCHS identity + integral truncation (K = O(1/¢€)) + quadrature

K

Te—fOtA(s)ds ~ f

1
KT[(l n k2) Uk(t)dk ~ Z C]U]
J

Plug-in any time-dependent Hamiltonian simulation algorithms and LCU

Method Query complexity
A "
Dyson ® | O (qaTlog® (3)) | O (gaTlog (}))
LCHS | O(d’aT/o) 0(a)

Table: Comparison between LCHS and the state-of-the-art truncated Dyson series method.
Here o = max, [|A(t)||, ¢ = [[uol|/[|u(T)[l and g = max, [|u(t)||/|[u(T)| (we have g < q)
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Change kernel function

e (L+iH)t — Me—i(kL+H)tdk
- L > 0,and when H = 0, we need:
fle) _,
e ¥ = —_eTlktq x>0
. - . Fourier t f
- The same Fourier transform on the positive real axis 3 — =
—3=0.1
. . . 257 q—
- Design freedom on the negative real axis -
ol — =07
—03=0.9
15! 3=0.99
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Improved LCHS

Theorem (An-Childs-Lin ’23).
Suppose f(z) is a function of z € C satisfying the following conditions:

Analyticity: f(z) is analytic on the lower half plane {z : Im(z) < 0} and continuous on {z :
Im(z) < 0}

Decay: |f(2)] = 0(|z]™%) forIm(z) < 0

f (k)

Normalization: [p —=

de =1

Then, for L(t) > 0, the LCHS identity holds:

T o= Jo As)ds _ f (&) T o1 Jo (KL(S)+H(s))ds 4,
o1 — ik
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Nearly-optimal guantum ODE solver

Nearly exponential decay kernel function:

f(2) x e=(+i2F g e (01)

—C|Z|B

(the sub-exp decay rate e is near optimal within the LCHS framework)

The integral can be truncated with K ~ log't1/8(1/¢)

By using a non-uniform quadrature (the composite Gaussian quadrature), the number of
qgueries to A can be improved to

O(qaT log'**/F(1/¢€))

Low-Somma ’25: log' "'/ (1/€) — log(1/€) by extending the LCHS framework to an
approximate version, which allows them to use an exp decay kernel
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Proof of the LCHS identity

Time-independent case:

f (k)
o1 —ik

We'll show that 0, (t) and Oy (t) follow the same ODE

OL(t) —— e—(L+iH)t — e—i(kL+H)tdk —. OR(t)

S0,(t) = —(L + iH)0, (t)

d f(k) .
— = D.V. 227 (—jkL — iH)e "i(kL+H)t
dtOR(t) p.V Rl—ik( ikl —iH)e dk
k .
= p.Vv. L_)(—L —iH 4 (1 — ik)L)e WkL+H)t

—(L+iH)0x(t) + L <p.v. j f(k)e‘i("“H)tdk)
R

J

1

0
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Proof of the LCHS identity s

Change of variable w = ik: % Ye
iR s > Re(w)
p. V. ff(k)e‘i(k“H)tdk = —i lim j f(—iw)e~@Lt-iHtq,
R R=c0 J_ip \
Consider the curve y; = {w = Re'? : 6 € [-1/2,7/2]} R \—1)

f is analyticon {z : Im(z) < 0} implies that:

VA

. 2 . 0, ~iR .
j f(—ia))e“"”_‘mdw — f iRele(_iRele)e—Re 6’Lt—lthe 4+ f f(_iw)e—th—lthw =0
ycU[—iR,iR] _ iR

VIA
_i(kL+HE)E 41, _ | 2 i0 r(_:p,i0),—RelPLt—iHt
p.Vv. fRf(k)e dk—J_ERe f( iRe )e dé
2

Divide [—m/2,m/2] intol U] wherel = [—1w/2,—0,] U [0y, /2]
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Proof of the LCHS identity

Integral over J:

< rR|f(—iRei9)| He‘Rew”H dé

jRei@f(_iReiO)e—ReieLt—thdH
J

—
—~

2
_ippi0Y)|,—RAgt cos 6 [ on 10|, —RAgt=6, (cos@ = -0,
(L > Ao) sijlf( iRe'?)|e k%o d93J1R|f( iRe!?)|e o x"0dg foree%

2
(decayof f) < jRO(R‘“)e_R’lotEOOdH = R17%e~260R) 5 0 a5 R — oo
J

Integral over I:

jRei@f(_iReiH)e—ReiGLt—thdH
I

< jR|f(—iRei9)|d8 = O0(R'"%0,) >0 as R > =
I

We can take , = R~1+a/2
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Proof of the LCHS identity

Time-independent case:

f (k)
o1 —ik

We'll show that 0, (t) and Oy (t) follow the same ODE

OL(t) —— e—(L+iH)t — e—i(kL+H)tdk —. OR(t)

¢ = 0,(t) = —(L +iH)0,(t)

: % Or(t) = —(L + iH)0g(t) + L(p.v. [ fU)e KAL) = —(L + iH) 0 (t)
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Improved LCHS with user-friendly conditions

Theorem (Huang-An ’25).

f (k)
1-ik

Suppose f (k) is a function of k € R, and F(x) is the Fourier transform of
F(x) =e ™ when x >0
Smoothness and integrability: F(x) € C?(R) N W#1(R)

Then, for L(t) > 0, the LCHS identity holds:

Te—fOtA(s)ds _ f (k) T ol fot(kL(s)+H(s))dsdk
To design a , we want to minimize:

Truncation parameter K

Overall complexitnyK S (k)

—K |1-ik dk

November 19, 2025 36



	Slide Number 1
	Quantum linear algebra toolbox
	Quantum linear algebra toolbox
	Quantum walk
	Quantum walk
	Block-encoding for the discriminant matrix
	Szegedy’s quantum walk
	Szegedy’s quantum walk
	Slide Number 9
	MNRS framework for quantum walk search
	Quantum walk for Element Distinctness
	Quantum linear algebra toolbox
	Quantum linear algebra toolbox
	Hamiltonian simulation
	Quantum algorithms for Hamiltonian simulation
	Proof of the (first-order) Trotter error bound
	Proof of the (first-order) Trotter error bound
	Quantum algorithms for Hamiltonian simulation
	Quantum algorithms for Hamiltonian simulation
	Quantum algorithms for Hamiltonian simulation
	Time-dependent Hamiltonian simulation
	Quantum linear algebra toolbox
	Quantum linear algebra toolbox
	Quantum ODE solver
	Quantum ODE solver: finite difference method
	Linear combination of Hamiltonian simulation (LCHS)
	Linear combination of Hamiltonian simulation (LCHS)
	Special cases
	LCHS algorithm
	Change kernel function
	Improved LCHS
	Nearly-optimal quantum ODE solver
	Proof of the LCHS identity
	Proof of the LCHS identity
	Proof of the LCHS identity
	Proof of the LCHS identity
	Improved LCHS with user-friendly conditions

