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Classical Gibbs sampling: revisited

Consider a classical spin system (e.g., the Ising model):

Hlsing — _Ezizj
i~j

Eigenstates {0, 1}"* and eigenvalues {E} },c(0 1)7

The goal is to (approximately) sample from the Gibbs distribution:

e_.BEx
ﬂﬁ(x) = Zﬁ , Zﬁ = z e_,BEx

X
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The Metropolis-Hastings algorithm

Set of jump operators {A%} such that A% is selected with probability p(a)

flip a randomly chosen spin

Let x be the current state
Pick A% with probability p(a)

y <« A% applied to x
Accept move with probability yz(x,y) := min {1, exp (—,B(Ey — Ex))}

If reject, stay at x

Fact. Under certain conditions, the Gibbs distribution 7 is the unique fixed point.

Detailed balance (DBC): e‘ﬁExyﬁ(x, y) = e‘BEYy/; (y, x)
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Quantum Gibbs sampling

Let H be a quantum Hamiltonian with eigenstates {ll,b])} and eigenvalues {E]}

The goal is to (approximately) sample from the “quantum Gibbs distribution”:

e ~PEj
g (Yi)) =
() =7
Mixed state:
e PE exp(—BH)
Pp = z Zg )| = tr[exp(—BH)] Gibbs state
Challenges:

1. Given |1/Jj) cannot calculate the energy E; exactly

2. Rejection requires backing up after a quantum measurement
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Open gquantum system

@D:

Total Hamiltonian H = Hg + Hg + Hgp

Bath
(Hg, pg) System dimension: d <« Bath dimension: D

The whole system evolution follows the Liouville-von Neumann equation:

dpsp i
dt — —l[H, pSB]

We only care the system part, i.e., p = trg[psg]

s it possible to describe the dynamics of p without simulating the bath?

i.e. a kind of dimension reduction
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Open gquantum system

D:

Thermalization

Bath
(Hg, pg) System dimension: d <« Bath dimension: D

If you leave a quantum system in contact with a heat bath at temperature T = 1/, then the
state p(t) = trg|psg(t)] forgets its initial condition and converges to the Gibbs state:

~ exp(—fHg)
PP~ trlexp(—BHy)]

A physical approach to quantum Gibbs sampling:

Put the quantum spin system into a refrigerator and wait for thermalization &
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Open gquantum system

D:

s it possible to describe the dynamics of p without simulating the bath?

Bath
(Hg, pg) System dimension: d < Bath dimension: D

Gorini-Kossakowski-Sudarshan-Lindblad master equation:

Lindbladian /

dp ~— Lindblad generator
5 = il p] +Z(,pLT——{ ,,p}>— Lp

H € C**? js the system Hamiltonian (but is not equal to Hs)

L; € €% are called the jump operators
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Mathematical derivation of the master equation

We want to find a linear map £ such that I/, = et is completely-positive and trace-preserving (CPTP)

VisCPifandonlyif V(p) = ); Ll-pL}L \

Quantum Markov semigroup
Vis TP if and only if }}; Ll-LTiL =]

First consider the CP condition:

Expand L under a generic basis Kq, K5, ..., K 42 such that tr[KiTKj] = 5l-j

> SetK; = \/%I sothat tr[K;] =0 Vi > 2

Vae(p) = T LipLl = %, ;¢ j(ADK;pK
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Mathematical derivation of the master equation

We want to find a linear map £ such that I/, = et is completely-positive and trace-preserving (CPTP)

VisCPifandonlyif V(p) = ); Ll-pL}L \
V is TP if and only if ZiLl-Ll-L =]

Quantum Markov semi-group

First consider the CP condition:

d? d?
Lp = Z 9iiKipK + z(gilKiP + g1:pK]) + g11p
i,j=2 =2 |
|
2 pG + GTp (7 F +
- z giniijT tpE+Ep Hermitian

[,j=2
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Mathematical derivation of the master equation

We want to find a linear map £ such that I/, = et is completely-positive and trace-preserving (CPTP)

VisCPifandonlyif V(p) = ); Ll-pL}L \

V is TP if and only if ZiLl-Ll-L =]

Quantum Markov semi-group

Then consider the TP condition:
dZ

Lp = Z 9ijKipK + Fp + pF
ij=2

tr d—'O]=tr[Lp]=O = tr[( fi] 2gUKTK +2F)p]=0 Vp

ZU ZgL]KJrK
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Mathematical derivation of the master equation

We want to find a linear map £ such that I/, = et is completely-positive and trace-preserving (CPTP)

VisCPifandonlyif V(p) = ); Ll-pL}L \
V is TP if and only if ZiLl-Ll-L =]

Quantum Markov Semigroup

By diagonalization, we get that
m
Lp=-ilH,p]+ )

1
(Lij]T - E{L]TL]-, p}>
Jj=1

This derivation gives the most general form of Quantum Markov Semigroup (QMS)

But H and L; are decoupled from the physical system
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Derivation of the master equation

Bath
—— (Hg,pg) System dimension: d  « Bath dimension: D

Hgp

It remains open to derive the master equation for a given open quantum system from first
principles

H(t) =Hs @ Iy + Is ® Hp + gAq ® B,
Assumptions:
Born approximation: psg(t) = p(t) @ pg and pg is stationary Weak coupling assumption
Markov approximation: memoryless g is very small

Secular approximation (rotating wave approximation)
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Derivation of the master equation

D:

It remains open to derive the master equation for a given open quantum system from first
principles

Bath
(Hg, pg) System dimension: d < Bath dimension: D

Ht)=Hs® Iz +1s @ Hg + gA, ® B,

Davies generator

, 1
\ Lp = —i[Hs >HLS; pl + g° Z Z (LJcrz,wPLJcrz,w — i{LJcrz,wLJcrz,w:P})
w a

Lamb Sh|ft \ Bohr frequency {Al — )'] . Ai' Aj (S SpeC(HS)}
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Input model

Block-encoding for the jump operators {Lj}

0%) [0%)}0%]
0°) )] ZID(J'I ® L;
J
input output of L;

The goal is to simulate e*t on an initial state p(0)

m
] 1
Lp = —i|H, p] + z (Lij;-r — E{L}Lj,p})
j=1
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Quantum simulation algorithms

1. “Quantizing” the classical numerical solvers for ODE/SDE

2. “Quantizing” the Metropolis-Hastings algorithm
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A toy example

1
Lp = LpLt — E{LTL, p}

~ T
Consider the dilated Hamiltonian: H = [L L ]

We construct a quantum channel:

s Hamiltonian
Up = e VEE, B(p) = tr,[Up (10)0], ® p)U}]

simulation

Taylor expanding Up to the second order:

At
UD=1—i\/E[L L]——LL

> LLT] + 0(At*>)

We can check that
[e*4(p) — @(p) ||, ~ (AD)?

For T = rAt, we have ||eLT(p) — CID’”(p)”1 ~ TAt First-order accuracy
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High-order Lindblad simulation
Lp = —i[H,p] + z (Lij}L — %{L}Lj,p}>
j=1

=Jp+p/t + ZLij}r
| J lj=1 )

1 I

Lpp Lyp

“Drifting” “Jump”

m
_ 1
J = —1Hggy, Hefs == H + ZZ L}LLJ'
j=1
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High-order Lindblad simulation

By Duhamel’s principle,
t

p() = e“p(0) = e“2%p(0) + | DI Lyp(s)ds
0

Apply Duhamel’s principle again to p(s):

t

p(t) = e*ntp(0) +f eLD(t_S)L]e['DSp(O)dS
0

-+ j e£o(t=52) £,e£0(52750) £ p (5, ) ds, dsy
OSS:LSSZSt
truncation error

We can iterate this expansion for K-th order

November 25, 2025 23



High-order Lindblad simulation
p(t) = e*>tp(0)

K
+ z f eLD(t_Sk)l:]eLD(Sk_Sk—1)£] cee eﬁD(SZ_Sl)L] eLDslp(O)dsl cee dSk
k=1 05515"'S5k5t

+ truncation error
The integrals can be discretized using Gaussian quadrature
Need to block-encode e*Pt and Ly

For the drifting part,

o Lpt

?! — Kraus form

For the jump part, £; = " LijJ_r
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Block-encoding Kraus operators

Let A4, A, ..., A, be Kraus operators and let U; be the corresponding (a;,n’, 0)-block-encodings

0 1% B 0p10) = ||ozl||zi“f"j>

0) 0. 3 -

" = ;mm QU
10Vut0) = —— ST 7)Ao

llall ||
Density matrix: pg = p = Zj,j’|j><j,| ® AJ"OOAJT

Trace out the first ancilla register: tr,[p] = 3.; A poA}L
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High-order Lindblad simulation
p(t) = e*>tp(0)

K
+ Z J eLD(t_Sk)L]eLD(Sk_Sk—l)L] eLD(SZ_Sl)LI eLDslp(O)dsl dSk
k=1 0<s{<---sSg<t

+ truncation error
- The integrals can be discretized using Gaussian quadrature
- Use truncated Taylor series to approximate e*D?

- Block-encode the Kraus forms and use a big LCU to combine all the terms

- Total complexity: O (tll[,llbe log (t”i”be)) where ||£L]|[pe = [|H]|| +%Z}7;1||Lj||2

Li, Xiantao, and Chunhao Wang. "Simulating Markovian open quantum systems using higher-order series expansion."
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Lindblad simulation via Hamiltonian simulation

dp — + B 1w
E—]p+p]T+ZLJ-pL-, ] = —iH — EZ
Unraveling
- Thinking about p(t) = E[|yY:){W¥;]]:
dE[|e )]

L = JEOWel] + Bl el + ) LEp e lIL]
j=1

Reverse-engineer an SDE for [y;) using 1t0’s lemma:

dlpe) = Jlpode + ) Llpaw
= \

independent 1d Brownian motion
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Lindblad simulation via Hamiltonian simulation

dlpe) = Jlpode + ) Llpaw
=1

Euler-Maruyama scheme:
N(O 1)

[Wns1) = lthn) +Jlbn)At + Z LilmIWBEW =2 Ly pr(n))

]E[ll/)n+1><l/)n+1| — ]E[Ll,At(ll/)n )Ll,At(llpn)) ]

= (1 + JADEIN W1 + 80T+ ) (VBELE(n)Wnl)(VEEL)
F'O . j=1 1;]
Kraus form: Dniq = 2 Fj,DnF}-T

j=0
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Lindblad simulation via Hamiltonian simulation

Pn+1 = z pnF-r pn]

Since Euler-Maruyama is a first-order scheme,
Pn+1 = Pn + LpaAt + O(At?) = e*2ip, + 0(At?)

Our goal is to find a dilated Hamiltonian H such that

Klp] =~ trq [e7HVEE(J0)(0] @ p)eiVEE|

Stinespring representation of a Kraus form: \ Taylor expand and match the terms
_'FO * k% Fy % K] t]
_ F, *x % % F, * % %
Klp]=tra] o, L ([UOXOI®@pP)|. , , .
F, *x x % F, *x x %
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Lindblad simulation via Hamiltonian simulation

VAtH LY o LT
A=t 00 O Kl =tra [eVEO)Ol ® p)etEE] + 0(ar?)
'L, 0 0 O]

- This is a generalization of the toy example

LN Tl Peter E. Kloeden

Three-step framework for k-th order Lindblad simulation QR i o

AAAAAAAAAA

- Step 1: find a weak scheme of order k for the SDE
(e.g., It6-Taylor-expansion)

- Step 2: formulate the Kraus form ‘Hy, H!I - H]

T
-
-
-

- Step 3: construct the dilated Hamiltonian H=

-
-
-
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Lindblad simulation via Hamiltonian simulation

Lindblad equation

% = —ilH,p(0] + Y, Vip®)V' - % PRAACY
j J

-
-

Pr=E(|Wr> (Wzl) ~~“A
SDE d|w)=

J=1

J J
-,‘H-%zvft@] |yf,>dt+zv}|'¢’;)dw{
=

Numerical SDE "*.,
- 1
Kraus form Pn+1 = Z,KanKj

- . J
Discard ] i8S
0%k = A [09%)--. Asymptotic analysis®-.
— (_i i?m) S EEEEEEEE T T Hamiltonian simulation+trace out
Quantum circuit . .
[ton) = [ont1) - Purr = Try (exp(—f\/A_rH) |0) (o] ®p,,exp(i\/A_tH))
Our method

For a k-th order scheme, the simulation erroris ||pr — pyll1 = O(TIILIIbeAtk)

Ding, Zhiyan, Xiantao Li, and Lin Lin. "Simulating open quantum systems using Hamiltonian simulations."
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Quantum Metropolis algorithm

Let x be the current state
Pick A% with probability p(a)
y <« A% applied to x

If reject, stay at x

Weak measurement
- I+TtL+ O(7?) = e™

Accept move with probability y5 (x,y) :== min {1» exp (—,3(Ey - Ex))} How to revert in
quantum?

v1—1
ﬁ

)1

T
v1—1

n
o
= Y; =090 ®
a
[0%) é discard/reset +(I — [0%)(0¢
10) O A
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Block-encoding the Lindbladian

Calculate the “accept”

probability based on the
/ energy difference

Y @) @ la) ® 4*@)

|0) Yi @) —10)
(——— T e i
—\ ; _
‘0>$ Prep | ] QFT | @)
: |
b : b
: 0
)3 , ")
c—bY\ 4 ;
0°°°) : Vin , a)
|
| = [ | . ] —x 2as— P
P3 e 1H! = o H! : 7(@)A%(@)pA® (@)
|
N )

a QPE-like circuit
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Quantum Metropolis algorithm

Weak measurement implementation costs:
- Suppose the Lindblad simulation time is T

- Hsteps for weak measurement implementation is T/t

S

- Total approximation error=--7%2 =Tt

- We need to take 7 ~ %for small error

- The total #steps ~ T2

> It can be improved to O(T) using a complicated “compression” technique (Chen-Kastoryano-
Brandao-Gilyén ’'23)

> Simplified quantum Gibbs sampling algorithm using QPE (Irani-Jiang '24)
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