CS 59300 — Algorithms for Data Science
Classical and Quantum approaches

Lecture 22 (12/02)

Quantum Gibbs Sampling and Open Quantum
- Systems : -

https:Ilruizhezhang.comlcoui’se fall 2025.html


https://ruizhezhang.com/course_fall_2025.html

Outline

- Motivation
- Description of open quantum system dynamics
- Quantum simulation algorithms

- Applications
- State preparation (ground state and Gibbs state)
- Approximate the non-equilibrium system bath coupled dynamics
- Simulate quantum field theories
- Classical and quantum optimizations
- Model the noise in quantum circuits, quantum error correction, and quantum memory

- Quantum biology
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Coherent vs. dissipative state preparation
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(a) Coherent state preparation.

Coherent state preparation: LCU, QSVT

Success probability issue and the initial

state preparation cost

Complexity analysis is rigorous and easy
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(b) Dissipative state preparation.

Dissipative state preparation: Lindblad dynamics

No post-selection, i.e. success probability = 1

No need a good initial state

Proving the complexity is hard



Dissipative state preparation workflow

Suppose the target state is o

Design a Lindbladian L such that o is its fixed point,

do
=7 — 0
” (o)

Apply a Lindblad simulation algorithm that approximately preserves the fixed point:
®(0) = trg[Up (100l ® 0)US] ~ &

Analyzing the convergence rate (mixing time) of the Lindblad dynamics

() = min{e + [letp —ol| <7, vp)
For an n-qubit system, fast mixing if T,ix = poly(n), and rapid mixing if T,ix = polylog(n)

Total complexity = cost(Up) X Tpix
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Ground state preparation: toy example

dp
dt

-1 0 . [1
H = [ 0 1], the ground state is [O]
Jump operator K = [8
Initial state p(0) = [8

__ ,—t
Solution: p(t) = [1 € 0

e—t

Converge to the ground state exponentially fast
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1
= Lp = —i[H, p] + KpKt — E{Kh{, o}

} 9 _
Doi P11 <21 — E) Po1

P11 1
_ _21_5 P10

p11 =p(0)11-e "t =e”

Poo=1—py=1—e""

1
po1 = Pp(0)o1 - e(ZI_E)t =0




Ground state preparation: toy example

dp _ . _ _. b Loy
< = Lo = —ilH, p] +le1{ > (KK, p}'
H= [_01 (1)], the ground state is [(1)] Lk (p)

Jump operator K = [8 (1)

Initial state p(0) = [8 (1)

L (J1){1]) = |0)(0] — [1){1]| steer excited state towards the ground state

L,(]0)0]) =0 preserve the ground state
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Ground state preparation

Given a Hamiltonian H = }}; A; |y ){y;|, the jump operator is designed to be:
K= 7= 2) el Al )|
Lj

A is the coupling operator that can be Hermitian and local (e.g. a single Pauli operator)
f(w) is a filter function such that f(w) = 0 forany w > 0
1
Lk (p) = KpKT == {K'K, p}
L (JWo)ol) = 0 fix the ground state

(1/)1-ILK(|1/JJ-)(¢]-|)|1/JL-) >0 if i <j push high energy states towards low energy states

(llJi|£K(|1,0j)(le|)|l/Ji) =0 if i =) lowenergystate # high energy state
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Ground state preparation

From filtering to shoveling

pi = Kol

Po

Ao A Aj. Ay A A
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Ground state preparation

K= zf(/h — )Xl Al ;]
L,j

= f f(s)elfisAe (s

The filter function f can be designed to have support of size O(A™1), where A is the spectral gap of H

We can discretize the integral and use LCU to block-encode the jump operator

Ding, Zhiyan, Chi-Fang Chen, and Lin Lin. "Single-ancilla ground state preparation via Lindbladians."
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Gibbs state preparation

el tr[e=F¥]

For coherent state preparation methods (e.g., LCU, QSVT, LCHS), the complexity scales as

/Zn/Zﬁ poly(B,1/€)

At very high temperature ( — 0, /2"/2[3 ~ 0(1)), the algorithm is efficient

At low temperature (S large, [2™/Zz ~ v/ 2"), exponential cost

For dissipative approaches, the complexity varies significantly across different systems
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Gibbs state preparation

Complexity

At low-temperature (very large (), the Gibbs state has large overlap with the ground state, and
hence quantum Gibbs sampling is QMA-hard in the worst case

Bergamaschi-Chen-Liu '24, Rajakumar-Watson '24: there exists a family of local Hamiltonian

such that the Gibbs state (with § = 0(1)) can be prepared in polynomial time by the Davies
generator, but classically intractable unless PH collapses

Rouzé-Franca-Alhambra '24: simulating some specific Lindbladian at § = Q(logn) to T =
poly(n) for a k-local Hamiltonian is BQP-complete

Bakshi-Liu-Moitra-Tang '24: at high-temperature (f < f.), the Gibbs state is not entangled
(i.e., a linear combination of product states), and can be efficiently prepared classically
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Gibbs state preparation: mathematics

Markov semigroup Quantum Markov semigroup:
(Pe)¢z0: B(H) —» B(H)

- For a drift-diffusion process {x;}:>o, we define the Markov semigroup {P;}¢so:

(Pf)x) =E[f(xy) | X =x] for f:R? >R - CPTP maps
If f = 15 for a subset S, then (P:f)(x) = Pr[x; € S | X, = x|
. Markov property: - Generator (Lindbladian):
Povsf = PPf =P.P.f VYV :RE>RVs, t=0  Pp) —p
« Generator: [,p = lim
Pff t—ot
— 1 n
Lf = 71712(1) -
Ergodicity (unique fixed point) (\\f‘a\\'
X
Detailed balanced condition AN ‘\0“
e

Spectral gap
Poincaré and log-Sobolev inequalities
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Interlude: Schrodinger and Heisenberg pictures

The evolution of a quantum system can be viewed from two perspectives:

Schrodinger picture

The state p — ®(p) is evolving
We observe the system by some fixed observable X: tr[®(p)X]

_ 1
Lp = —i[H,p] + L;pL} — E{L;.ij, o)

Heisenberg picture
The state is fixed but the observable X + ®T(X) is evolving adjoint w.rt. (X,Y) = tr[XTY]
We observe the system by tr[pCDT(X)] = tr[®(p)X]

Mathematicians like this

1
tX) = i txL, —={LTL.
LTX) = i[H, X] + L] XL, Z{LJ.L],X} -
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Unique fixed point

m
_ 1
Lp = —i[H, p] + Z <Lij}f — E{L;.ij, p}>
=1

We want to guarantee that there exists a unique full-rank invariant state o such that

lim ettp =0 Vp € B(H)

t—> o0

Criterion (Old result. See e.g., Ding-Li-Lin 24, Lemmas 2 and 3):
{H,1;, L]} = span({1})

There is no non-trivial matrix that simultaneously commute with all H, Lj, L}L
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Detailed balanced condition (DBC)

For classical Markov semigroup, the DBC is defined as:
(f)Lg>T[ — (Lf),g>7l'

L is self-adjoint w.r.t. the m-weighted inner product
(1,90 = [ FgGmCdx
For QMC, due to the non-commutativity, there is no unique way to re-weigh the inner product using the
invariant state
Define the modular operator A, (X) := 0Xo ™1

Define the left and right multiplication operator L,(X) := X and R;(X) = Xo

Forany f: R, — R, with f(1) = 1, define the operator
JE(X) =R, 0 fF(8)(X) = f(0)Xf (o™ Vo
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Detailed balanced condition (DBC)

For f = x175,
JL(X) = 0'X0*

The associated inner product is defined as:
(X,V)ys = (X,JL(")) = tr[oesxTa1=5Y] = JL (%), Y)

The QMS SDJ = et~T satisfies the ](];-DBC if LT is self-adjoint w.r.t. (7)o f:
(X,L77) = G400, £17) = (L00,¥) = (LX), Y) = (£7%,7)

s Jlet=y]

o.f

s = 1 is called Gelfand-Naimark-Segal (GNS) DBC

s = %is called Kubo-Martin-Schwinger (KMS) DBC
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Detailed balanced condition (DBC)

Let LT be ajg-detailed-balanced Lindbladian:
1
_ . t T
LT(X) =i[H,X] + LI XL; — E{L]- L, X}
LT(I) = 0 by direct calculation

. ]£—DBC implies that L(o) = 0:

0=(x,LtD), f= (T, 1) ={cTx,JL (D)) = (£TX,0) = (X, L(0))

o.f

Relations between DBCs:
{ GNS } f=x° All other J/-DBC
s € [0,1\{1/2} (including KMS)
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GNS detailed balanced Lindbladian

Davies generator:

1
Lp = —i[Hs + Hys, p] + g° z Z (La,pr‘;,w — E{L-crl,wl'a,w» p}>

w a

Engineered Davies generator:
Choose a set of coupling operator {A%},c .4
Let H be the Hamiltonian with eigen-decomposition: H = )}; A;P;, where P; = [y; {y;]

The jump operator {A%} are defined as:

A% = ZPiAapj = Z A%, By = {4 — At A, A € spec(H)}
Lj

VEBY
where

A9 = Z PAP, (ADT =49, A, AL = e PVAS
/1i—/1j=v
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GNS detailed balanced Lindbladian

Canonical form:

1
Lp= ca ) ¥al®) (Aspms)* —§{<A3>+A3,p}>

aeA VEBY

Ya(—V) = e'BVVa (v)

» Examples: y,(v) = 1+2Bv (Glauber dynamics) or y,(v) = min{l,e‘ﬁ"} (Metropolis)
Cq =0
a _ a
* AV _ Zli—lj:v PLA P]

To implement a GNS-DB Lindbladian, we need to exactly resolve the Bohr frequencies, which is
extremely difficult for a non-commuting Hamiltonian
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KMS detailed balanced Lindbladian

Canonical form:

Lp +§:< ]pLT——{ pp}>

Jj=1
where

-1/2
AP B Lj

ePv/2(L;)) =1Lt G=—1 tanh(— gv/4) (LTL))
1/ ] 2 . 1717,
] %

1%

=L;.r, G := —itanho log 1/4 Z

After choosing a set of jump operators, the coherent term is automatically determined
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KMS detailed balanced Lindbladian

Let {A%} be a set of self-adjoint coupling operators

A;;/ZLJ- = L}r implies that L; = A})?A for some self-adjoint operator A

L] — p;/‘l-Ap;l/‘l- — ze—ﬁ()li—)lj)/LLPiAPj — z e—,[)’v/4Av

i,j VEBH
For algorithmic purpose, let g*(v) : R = C be a weighing function and define

L= Y q@etra, = [ feoaoar

VEBH

q%(—=v) = q%(v)
feat) = %T ffooo q®(v)e Bv/*e~itvqy is the (inverse) Fourier transform

A%(t) = et g2 ~1HL jg the time evolution in the Heisenberg picture
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KMS detailed balanced Lindbladian

Let {A%} be a set of self-adjoint coupling operators

For algorithmic purpose, let g%(v) : R — C be a weighing function and define

L= Y q@etra, = [ peoasoar

VEBY

The coherent term G can also be expanded in the eigen-basis of H:

G = —% z z tanh (—%) (LhLa),

a€A VEBY

Let g(v) == k(v) - (—%tanh (— %)) be an L!-integrable function, and g(t) be its Fourier transform

co

G = f_ G(OH, (O)dt = f e N et(LhL,)e e dt

- aEA
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KMS detailed balanced Lindbladian

.+ Let {4%} be a set of self-adjoint coupling operators
L= [ fe@a@a

G = f " G(OH, (O dt

- By properly choosing g(v) and k(v), we can use quadrature to discretize the integrals and use LCU to
block-encode {L,} and G

—— Metropolis
==== Gaussian

b IVl et ro po | i - yp e : V ‘{ “\ - l\IleUI]Ulih [’} 8
S t \ |=-=- Gaussian | .
’ (V) OC mll’l{l, 8 BV/Z} 00

0.6}

=~ 0.4

- Gaussian-type:

f(V) o e—(,Bv+1)2/8

0.2}

10

-10 -5 0 5 10
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Spectral gap

Let L be a Lindbladian satisfying GNS or KMS DBC

Recall that for a classical Markov semi-group, the spectral gap is defined as

, f8(f f) - <f —Lf)
P f, Py A1 (S, o

The spectral gap of L can be defined in a similar way:

(L) = inf <X’_L1—X>O',1/2_. (X'_LTX>O',1/2
S T wioxl=0 T (X X)p1p X VarlX]

where Var[X] := (X, X), 1/, — tr[oX]?

Recall that (X, Y), 1/, = tr[a'/2XTa1/2Y]
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Poincare inequality

x2(p(t),0) < x?(p(0),0)e283PL0

1 1
x%(p,0) :==tr pa_Epa_El — 1 is the y“-divergence for quantum states

lp — ally < v x2(p, o)

”P(t) — p;;”l < Umin(pﬁ)—l/ze—gap(ﬁ)t — Z'Beﬁ”H”e—gap(L)t

Tmix ~ poly(n) (fast mixing)

Weakly interacting Fermionic systems (Tong-Zhan ’25), quantum stabilizer code
Hamiltonians (2D Toric code, 4D Toric code, Kitaev's quantum double models, etc.) (Alicki-
Fannes-Horodeck ‘09, Temme-Kastoryano ’15, Ding-Landau-Li-Lin-Z. ’24, Hangleiter-Ju-Vazirani
’25)
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Modified log-Sobolev inequality

D(p(t)llo) < D(p(0)|lo)e=>**
D(pl|lo) == tr[p(log(p) — log(c))] is the quantum relative entropy

lp—oll; < \/2 In2D(pllo) (quantum Pinsker inequality)

lo® = pg]|, < \/2 log (min(pg)) e~ = \/Z(ﬁIIHII +1logZg)e™*
Tmix ~ polylog(n) (rapid mixing)
Geometric local Hamiltonian (high temperature) (Rouzé-Franca-Alhambra '24),

1D local commuting Hamiltonian (any temperature) (Kochanowski-Alhambra-Capel-Rouzé '24),
weakly interacting quantum systems (Smid-Meister-Berta-Bondesan ’25)
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Outline

- Motivation

- Description of open quantum system dynamics
- Quantum simulation algorithms

- Applications

- Bonus: Hamiltonian learning from Gibbs states

December 2, 2025 26



Hamiltonian learning

- An (unknown) Hamiltonian H acting on n qubits on a D-dimensional lattice

H = 2 h,B,, h, € [-1,1], P, € P,(q) n-qubit Pauli of degree < q

- We assume that < d terms acting on any qubit i, and I" contains all admissible terms

Given d, g, [, and access to the Gibbs state pp X e~ BH (without access to e‘th)

-+ The goal is to recover the coefficient vector (hy)

yEF L L L L L L L & &

« Example: D=2,qg=2,d=4,|T'| =0n) - o o 4 o
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Lower bounds

Consider a 2-qubit system with two Hamiltonians:

1 1
H0=—Z®I—§I®Z—EZ®Z=

Ge)rer-(+ |
H=—"ZQI— E—E I QR Z— §+6 ZQRZ=

The corresponding Gibbs states (Gibbs distribution) are:

1 1

Po = dlag(ezﬁ 1,e B, e ﬁ) p1 = - dlag(ezf” 1,e B+2Be o=B- Zﬁe)
Zy 1

An algorithm that can learn the Hamiltonian with € ,-error € should be able to distinguish p, and p;

Classical hypothesis testing
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Lower bounds

1 1
Po = Z—Odiag(ezﬁ, 1,e™P,eF), p1 = Z—ldiag(ezﬂ, 1,e P+2Be o=B-2B¢€)

The KL divergence Dy (po|01) = O(B%€%e~2F) by direct calculation

Therefore, the sample complexity of 2-qubit Hamiltonian learning is Q(e2? /(5%€?))

Haah-Kothari-Tang '23: for n-qubit Hamiltonian learning, achieving € ,-error € with success

probability 1 — 6 requires
e2h n
(/ﬂez og 5 )>

copies of the Gibbs state pg in the worst case
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Upper bounds

Step 1: Choose a set of Step 2: Measure the Step 3: Classical parameter
observables {0,}, expectation value {tr|ps Oa]}a learning from the data
Sample Complexity Time Complexity Qubits entangled
Theorem 1.2 (Lattices) O(Iog n - %Poly(log %)) 0(?1 logn - F;;V(Qm Poly(log = )) Poly(3,log <)
Theorem I.1 (Graphs) O(logn - 220@4)%13’(”&)) O (n logn - 227" )POIYUME)) Poly(3, log <)
[BLMT24, Nar24] (Graphs) Poly (n, =z ) Poly (1, == ) O(6%log )
[HKT22| (High temp, Graphs) O(log(n)ﬁ) O(n log(n)ﬁ) O(log 1)
[AAKS20] (Lattices) Poly(n)#&;?22 20(n) . % O(1)

Table 1 in (Chen-Anshu-Nguyen ’25)
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KMS condition

For pg o e PH and Ay (t) = et Ae ¢, it holds that
tr|0Ay (©Opg| = tr|Ay(t +iB)0pp| VvV O0,4,andt € R

Corollary:
tr|pp(0A, (t +i/2) — Ay (t —iB/2)0)| =0 VvV O0,4,andt € R

ifandonlyif H' = H + cI

Robustness: if the above expectation value is = 0, does it imply that H' =~ H?

Locality: can O and A be restricted to local observables?

December 2, 2025 31



Proof of the KMS condition

tr|0A, (D)pg| = tr[Ax(t +iB)0pg| = tr|0pp AL (t +ip)] VO

is equivalent to
Ap®ps = ppAy(t +if) & Ay(t) = pgAy(t +if)pg' = Ay(D)

For the Corollary,
tr|pg(0A, (t +i8/2) — Ay (¢ —i6/2)0)| =0 VO

is equivalent to

(o) 4 (0p) ™" s = ps ()" A (Do)
AH’(t)(p”B)_l/Zp’B(p’,B)—l/Z _ (pb)—l/zloﬁ(p,ﬁ)—l/zAH’(t) VA, .

(05) Pps(ps) Pl o H=H +c
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Identifiability equation

For any observables Oy KMS inner product: (X, Y)1 = tr [XT\/pBY\/pﬁ]

§(0,[A,H—H b = \/_j tr[p[; OF (A, (t +iB/2) — Ay (t —iB/2)0; (t))]gﬁ(t)dt

2

where gp(t) = Eg(Zt/,B) and

7.[3/2

2v/2(1 + cosh(mt))

g(t) =— Rapidly decaying
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Identifiability equation

§<o,[A,H—H by = \/_f tr[p[; o,T,(t)A (t+iB/2) — Ay (t —iB/2)0;} (t))]gﬁ(t)dt

2

Suppose we take A € {X;, Y}, Z;};[n @ degree-1 Pauliand O = [A,H — H']

Then LHS = ||[A,H — H']|lr =0onlyif [A,H—H']| =0
2

If [|[A,H — H']||]1 = 0, by the locality of A and H — H’, the Frobenius norm can be

2

bounded by the KMS norm:

A, H—-H]z<fd,pB) - I[A4,H-H]l1=0

N =

If zin I[A,H — H']l|%2 < €2 forall A € {X;,Y;, Z;}, then |hy — h]',| < € for every term P,
acting on the i-th qubit
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Proof of Claim 2

Using the cyclic property of trace, we have the following identity:
N4, H — B3 = tr|[4, (A, H — H])(H - 1)

Consider aterm (h — h; )P in H— H', where P, acts on the i-th qubit

Since [al-, o, aj]] = 40;, for any A € {X;,Y;, Z;}, either [A, |4, Py]] = 0 or 4P,

Thus, S acer,v,z0 | 4[4 ]| = 8B,

Therefore,

32> ) A H-H ||p>8Ztr[(h — h)P,(H — H)]—SZ(h ya

AE{Xi,Yi,Zi}

2
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Identifiability equation

§<0,[A,H—H )y = \/_f trop (01 Ayr(t +1B/2) — Ayt — iB/20/,(D)] gp(de

2

Since gp is a rapid decaying function, RHS can be approximated by local measurements

Lightcone argument / Lieb-Robinson bound: a local observable evolved by a local
Hamiltonian for a short period of time is still a (quasi-)local observable
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Lieb-Robinson bound

t A
A
x O(1)

H NN

. . . ~ e—(d=2vt)/x’

[]

>

0
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Identifiability equation

§<0,[A,H—H )1 = \/—f tr[PB OF () Ay (t +iB/2) — Ayr(t — lﬁ/Z)OH(t))]gﬁ(t)dt

2

Since gp is a rapid decaying function, RHS can be approximated by local measurements

Lightcone argument / Lieb-Robinson bound: a local observable evolved by a local Hamiltonian for a
short period of time is still a (quasi-)local observable

Issues:

, 1/2

1. Theimaginary-time evolution A,/(t +i8/2) = r(t)pk_l/2 is well-known to be a

nasty operator

2. The operator O;F,(t) in RHS depends on the unknown Hamiltonian H
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Proof of the identification equation

Recall that in the canonical form of the GNS-DB lindbladian, we decompose an operator w.r.t. the

Bohr frequency:
A= ZPAP z A,

VEBY
We will use a double decomposition:
A= A
( V1)v2
VZEBHZ V1€BH1

Identities:
[A; H, — Hl] — Zvl,vz(Avl)vz (Vl - Vz)

el2p=HippH1p=H2 _ p=H2pH1 pfp—H1pH2 — ZV1,V2(AV1)V .2 sinh(vz — V1)
2
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Proof of the identities

[A,H] = AH — HA = z z P,AP;H — HP,AP; = z z (—V)P,AP; = z —VA,

VEBY 1,j:Aj—Aj=V VEBY 1,j:dj—Aj=V VEBYy

For the first identity,

A, H, — H] = Z vid,, — Z Va4, = z (A"l)vz (vi — )

v1€BH1 VzEBHZ V1,V2
e e H = 2 z e P, APe™" = Z 2 e P,AP; = Z eV A,
VEBY 1,j:Aj—Aj=V VEBY 1,j:Aj—Aj=V VEBY

For the second identity,

efH2p=H1 ApH1p~H2 _ p~H2pH1 Ao~ HipH2 — E (Avl)v (eV27V1 — gV17V2)
2 N v _—

v 2 sinh(v, — v;)
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Commutator difference in time domain

1 (0]
[A,H, — H{] = \/?J [eHze_HlAHl(t)eHle‘HZ — e‘HZeHlAHl(t)e‘HleHZ]H (—t) - g(t)dt
T J_o 2

w

2 sinh(w) and

where §(w) == —

7'[3/2

27/2(1 + cosh(mt))

1 = .
90 =] §wedo = -

Proof.

By the second identity,

efze™M1Ay ()eMre Mz —e™M2eM14y (e M1eMz = Z (AHl(t)vl) - 2 sinh(v, — v;)

V2
V1,V

= Z (AHl(t)vl)v2 -eV1t . 2sinh(v, — ;)
V1,V2
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Commutator difference in time domain

1 (0]
[A,H, — H{] = \/?J [eHze_HlAHl(t)eHle‘HZ — e‘HZeHlAHl(t)e‘HleHZ]H (—t) - g(t)dt
T J_o 2

w

2 sinh(w) and

where §(w) == —

7.[3/2

2v/2(1 + cosh(mt))

1 * .
g(t) = Ef_@g(w)e‘wtdw = —

Proof.

By the first identity,

(A, —H]= ) (4,), 0 =v) = > (4y,), §(vs = v1) - 2sinh(v, — 1)

V1,V V1,V

1 [~ : —i(v,—
- _\/27'[.[_00 Z (AV1)V2 2 Slnh(VZ o Vl) e ivz vl)tg(t)dt
V1,V2
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Proof of the identification equation

g(O,[A,H—H 1=

2 V2w
- We apply the previous identity with H; := ﬁH’ H, .—ﬁH p=pgocePH p=ps e ~BH',
rw

f tr[pﬁ OT(t)A (t+iB/2) — A ,(t—lﬁ/Z)O,T,(t))]gﬁ(t)dt

(A Hy — i = <= [ [efoe Ay, (Defe i — e ey, (De-e] | (—0) - g(de
[ oo an V@ VB Vo @ A0, O], (-0 gCorae

- Taking the KMS inner product with O, we have

[ <0, Vo Vo An, (W) | (—t>> \

J

ﬁ\Hﬁ\H
S |

N =

-g(t)dt

\— <0» [\/5\/ (P')_lAHl(t)\/?\/F]HZ (—t
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Proof of the identification equation

For the first term in the integral,

<0 R LIRON GO N >

= tr|VAO'VB [Vo VP au, VG T VA (-0
= tr OJr [\/_ Ay, (Y ()1 p t)]
=1tr ﬁH/z(t)\/_A,BH /z(t)\/ (P) ,0]

= {r OH (E t) \/?AH’ (E t) (p’)_l p]
= tr :O,T, (g t) Apr (gt + 19 p]
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Proof of the identification equation

For the second term in the integral,

bloseTo

= tr|VAO'VB [VA @) s, OV (D)
= tr|0* [V T Au (P, (D)
= tr| 0}, ,(8) PV (0) A, (D7

= tr 0;5 (gt)pAHr (gt— 1%)]
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Proof of the identification equation

Therefore, we have

1 |
(O,[A,H—H' ])% Ef_m tr _O,T, (gt)AH/ (§t+ 1%) p—0} (§t> pA, (ét —ié)] . g(t)dt
1 > |
= Ef_w tr _p (0,3 (§t> Ay (ét + 1§> — Ay (gt - 1%) o} (g t))] . g(t)dt

By changing the variable t = E t, we obtain the identification equation:

2 1 * ] .
(0,4 H—H) = 5= j tr [p (05 ()4, (¢ +18/2) — Ay (£~ 18/20}(®)] - gp(Dae

2
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Two remaining issues of using the identification
equation

1. The imaginary-time evolution A,/ (t +if/2) = p'ﬁl/zAH/(t)p'ﬁ_l/z is well-known to
be a nasty operator

- Regularization via operator Fourier transform

2. The operator OITI(t) in RHS depends on the unknown Hamiltonian H
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Operator Fourier transform

Given a Hamiltonian H and an operator A, define the operator Fourier transform /TH by:

A

| |
Anlo] = — j A, (8) - e-9tF()dt

w?/40% .

where f(t) « e~%°t* is a Gaussian filter and f(w) < e is another Gaussian

Properties:

ePHAylwlePH = (Pt Ae=FH) [w]

—_—

Aylw] = Zyep, Ay - fl@ = V)

A=C, - ffoooAH[w]dw

— “soft” Bohr decomposition

==

Aylw] = e BO+d*B* . oBHA [ — 252B]e PH
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Operator Fourier transform

Ay[w] = e BO+d“B® . oBHA [ — 252B]e~PH

Ay [w] has a uniformly bounded norm:

A

1 (0]
|4utolll < — j 1Al - 1F(®lde < N4l

Forany w’, it holds that
~ p _ ! 202
[P Ay (w)e PH|| < efo o Bl
which is independent of the system size for any bounded operator A

Without OFT, ||e## Ae =P || can be exp(©(n)) in the worst case

OFT has a “regularization” effect
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Decomposing the identification equation into high- and
low-frequency parts

B
5 (0.4 H = ') \/_j tr[p (0 (DA (t +iB/2) — Ay (t —iB/2)05(D)| gp(t)at
~ f tr o (05O (A [0]) ., (¢ +8/2) = (Aprlw),,,(t — 1/2)05(®) )| gg(D)dt do
PP
+r 'B(O[A (w'),H — H])
J|w1|>912
We have:

f (AHr[a)’])H,(t +if/2)dw’ = f (e‘ﬁH’/Z/T[w’]eﬁH’/Z)H,(t)da)'
lw! <0/ lw|<Q/

A

- f (Ao’ — Uzﬁ:)H,(t) L e~Bw/240%B%/4q
lw'|=Q’

1 [« (o —02B)" B!
= 7= f Apr(t+1t) ( J|r | e~ i@/ =0%F)t g =f0'/2 +0232/4dw’> f()dt’
— 00 (1), SQ,

)

|
I/
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Decomposing the identification equation into high- and
low-frequency parts

B
5 (0.4 H = ') \/_j tr[p (0 (DA (t +iB/2) — Ay (t —iB/2)05(D)| gp(t)at
~ f tr o (05O (A1) ., (¢ +18/2) = (Arlw),,,(c ~ /20040 )| gg(D)dt do
PP
+r 'B(O[A (w'),H — H])
lell>ﬂlz

Similarly, we have:

jl | (Ayrlw']),,,(t —iB/2)dw’
w'|=Q’

1 foo . !/ 2 I/ !/ 2n2
- AHI(t + t') (j e—l(w +0 B)t eﬁw /2 +0°p /4da)’> f(t,)dt'
V2Tt J oo lw’|<Q! |

\ w

I
h_(t")
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Decomposing the identification equation into high- and

low-frequency parts

(0,14 H —H'Ds
2

~ f j tr|p (hy () OF (DAL (¢ + ) — () Ay (£ +£)05())] gp(B)dt dt’

—00 vV —

o[ o a1 - 1)de
N >qr 2 >

lh, (D], |h_(t)] = O(e_aztz), i.e. rapidly decaying
No imaginary time evolution in the observable

The high-frequency term is negligible when we take a sufficiently large threshold Q'
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Two remaining issues of using the identification
equation

1. The imaginary-time evolution A,/ (t +if/2) = p'ﬁl/zAH/(t)p'ﬁ_l/z is well-known to
be a nasty operator

- Regularization via operator Fourier transform

2. The operator OITI(t) in RHS depends on the unknown Hamiltonian H

> A, H —H]

N RDN

= ([AH~H',IAH ~ H'D): < 2d - sup ([, ], [4,H — H'])s
2 |4

2
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Hamiltonian learning via the identification
equation

Define the general truncated observables:
1 (0.0] (0.0]
A[G,H'; 0, 4] = —j f (h+(t’)0§(t)AH,(t +t') —h_(t") A, (t+ t')og(t')) gp(t)dedt’
V21T J 0 /-0

When H' = H,
tr|ppAlG, H;0,A]] =0 VG,0,4A

Proof.

tr|ppAlG, H; 0, Al

-~ jl o o5 (01O (Anlo), (¢ +18/2) — (Aula), (¢ ~ 18/2)0(0)) | do gy (D
—oo J|w!|=0Q ,
= 0 by the KMS condition
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Hamiltonian learning via the identification
equation

Define the general truncated observables:

AlG,H';0,4] = \/%Joo foo (h+(t’)0§(t)AH,(t +t') —h_(t')Ay(t+ t')og(t')) gp(t)dedt’
TTJ—00 /-0

Naive Algorithm Issue:

£ « e-net of the local Hamiltonians - &€ has exp(0(m)) elements, where m is the

Foreach H' € & number of termsin H

Measure the observables - m = O(n) for a 2-local H on a 2d lattice

{AlG,H';|A,B, ) Al : VG e & ielnl,Ae{X, Y, Z}y ~ i}

If the expectations values are all small, then output H'
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Hamiltonian learning via the identification
equation

Define the general truncated observables:

AlG,H';0,4] = Joo (h+(t')0§(t)AH,(t +t") —h_(t")A, (t+ t')Og(t')) gp(t)dt dt’

1 J°°
V2T J_
Aand 0 = [A, Py] are local operators

Rapid decay of h,, h_, gg = only short-time evolution involved

Lieb-Robinson bound: G and H' can be truncated to within a neighborhood around i

L L & L & - L & L L - L ]

£
e o o o @ % e e e o o ”AH{)(t) —AH(t)” < 0((2jf) >
e o o o A e e o o
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Hamiltonian learning via the identification
equation

Define the general truncated observables:

AlG,H';0,4] = \/%Joo foo (h+(t’)0§(t)AH,(t +t') —h_(t')Ay(t+ t')og(t')) gp(t)dedt’
TTJ—00 /-0

Efficient Algorithm

Foreachi € [n]:
E; < e-net of the local Hamiltonians acting on a neighborhood of i
Foreach H; € &;:

» Measure the observables using O(log n) copies of the Gibbs state Pp
{A|G,, Hy; (AP A : VG, € £, A€ (X, Y, 2}y ~ i}

> If the expectations values are all small, set the local patch of our estimate to be H,
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