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Today’s Lecture

« QOracles for Convex Sets
« Oracles for Convex Functions

- Separation for Convex Set
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Oracles for Convex Sets

Membership oracle (MEM):

Input: y € R"

Output: “y € K" or “y € K”
Separation oracle (SEP):

Input: y € R"

Output: “y € K” orc € R"s.t. (¢, x) < {(c,y) VX EK
Validity oracle (VAL):

Input: c € R"

Output: “K = ¢” or max({c, x)
x€K

Optimization oracle (OPT):
Input: c € R"
Output: “K = @”"ory € Ks.t.(c,x) <{(c,y) Vx € K
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Oracles for Convex Sets

Membership oracle (MEM): Separation oracle (SEP):
- Input: y € R" - Input:y € R"
- Output: “y € K" or“y € K” - Output: “ye K”’orc € R"st.{(c,x) < (c,y) Vx €K
Validity oracle (VAL): Optimization oracle (OPT):
Input: c € R" - Input: c € R"
Output: “K = @” or I}Clealg((c, x) - Output: “K =0"ory e Kst.{(¢c,x) <{(c,y) Vx EK

The complexities of these oracles depend on the problem
If K = {Ax < b}, then SEP/MEM are easy while VAL/OPT need to solve a linear program

If K = conv({a;}), then VAL/OPT are easy since we just need to check (c, a;) for each i
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Oracles for Convex Sets

Suppose there are n factories such that each factory can use resources (13, ..., 7,) € R to produce goods
(g1, -, gs) € RL. We use avector a = (13, ..., Tk, §1, -, §p) € REY to represent it

Factory Resources Goods

For ay, ..., a, € R¥* we define the Zonotope as
n
K = {z AiaiEIRk*'{):OSAiSlViE[n]}
i=1

- How to implement MEM, SEP, VAL, OPT for K?
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Oracles for Convex Sets

Foraq,...,a, € IRT{), we define the Zonotope as
n
KZZ{Z Al‘aiE]R’H_{:OSAiSlViE[TL]}
i=1

- How to implement MEM, SEP, VAL, OPT for K?

Membership oracle (MEM): Separation oracle (SEP):

Input: y € R" - Input:y € R"

Output: “y € K" or “y & K” - Output: “ye K”orc e R"s.t. {c,x) < {(c,y) Vx €K
Validity oracle (VAL): Optimization oracle (OPT):

Input: c € R" « Input: c € R"

Output: “K = @” or mezg((c, x) - Output: “K =0"ory€e Ks.t.(c,x) <(c,y)Vx EK
X
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Detour: Duals of Convex Sets

The polar of a convex set K is defined as
K°={yeR":(x,y)<1Vx € K}

Theorem. Let K € R™ be convex and compact, and B(0,7) € K € B(0,R). Then
K° is convex and compact, and B(0,1/R) € K° € B(0,1/r)
(K°)° =K
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Detour: Duals of Convex Sets

Lemma. Let K be a polytope with 0 € int(K)
1. IfK =conv({ay,..,ay}),thenK° ={y:(a;,y)<1,..,(ay,y) <1}

2. IfK = {x : (al,x) <1, ...,(aN, X) < 1}; then K° = COHV({al, "'JaN})

Proof of 2.
let A € RY, withA; + -+ Ay =1
( {V=1/1iai,x)S1forallx€K \/
Thus, C := conv({a;}) € K°
Suppose y € C. Then 3 separating hyperplane:
Oe

(@,9) <B <(y,g) VaecC
We can scale g so that(a;,g) < 1 <(y,g) Vi € [N]

Thus,g € Kandy € K°
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Oracles for Convex Sets

e I e
CPM
OPT for K === === SEP for K
\ / \
e I e
CPM
SEPforK°® F-=----- »  OPTfor K®
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Oracles for Convex Sets

-

OPT for K

~

v

/

)
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SEP for K°

)

\_

OPT for K°

\ 4

For the input y € R", query the optimization oracle OPT for K

If max(y,x) < 1,theny € K°
xeK

Otherwise, let x* := arg max(y, x)
XEK

Then, return x* since (x*,w) < 1 forallw € K° and (x*,y) > 1

Since (K°)° = K, we can also use OPT for K° to implement SEP for K
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Today’s Lecture
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« Oracles for Convex Functions
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Oracles for Convex Functions

Evaluation oracle (EVAL):
Input: y € R"
Output: f(y)
Subgradient oracle (GRAD):
Input: y € R"
Output: f(y) and g € R"suchthat f(x) = f(y) + (g, x —y) Vx € R"

For any function f, its convex conjugate is defined as

f*(y) = sup(x,y) — f(x)

XERM

> f*(y) is convex

> O0r(c) = sup{c, x), i.e., VAL for K = EVAL for 6y
XEK
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Oracles for Convex Functions

Lemma. For any convex, closed, and proper f, its convex conjugate f ™ is convex, closed, and
proper. Moreover, forany y € R", x € df*(y) iff x € arg max(y, x) — f(x)
X

Proof sketch.
Sincex€df*(y), ff(w) = f*(y) + (x, w—y) forallw € R"
(y,x) — f*(y) = (w,x) — f*(w) forallw € R"
yx)—f»zf"x=fkx
Thatis, f*(y) < (y,x) — f(x), which implies that x € arg m;ax(y, x) — f(x)

Fact. For closed, proper, and convex f, f™ = f

> 00k(c) = arg mea}(x(c, x), i.e., GRAD for §; = OPT for K
X

> GRAD for f* can be implemented with é(n) queries to GRAD for f (via cutting plane method), and vice
versa
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Oracles for Convex Sets and Convex Functions

e ™ 4 ™ 4 N 4
OPT(K) = 88% | | SEP(K) = 85 GRAD(f*) | GRAD(f)
\- - J - - J - - / - e
- 1 N 1 - l i I
e N e \ - N e
VAL(K) = 6% MEM(K) = g EVAL(f*) EVAL(f)
\. J \. J \. J \.

~

—— is O(1)

——— is O(n)
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Gradient Estimation

If fisin C!, then the gradient can be approximated by a finite difference with sufficiently small h:

Of _fx+he) - fx)
axi B h

And it takes n + 1 queries to EVAL to estimate Vf(x)

+ O(h)

However, convex function may not be differentiable

Lemma. For any L-Lipschitz, convex function f: B} — R, V2f(x) exists almost everywhere and
Expr[IVZf(0)]lF] < nlL

Thus, we can evaluate gradient by randomly perturb x and apply the finite difference
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Gradient Estimation

Lemma. Let B, (x,7) ={y: [|ly —x|lo <7}.Forany0 <1, <ryandany f : B,(0,1; + 13)
— R, suppose [|Vf(2)||, < L for any z. Then, we have

2
Ey~Beo ) Bz ooy UIVF (2 = g )] < /2L -

where g(y¥) = E;-p_y,r,) VS (2)]
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Proof.

Define a smoothed function h:
h(y) = (ZTZ)_n ) (f o lBoo(O,rz))(y) — [Ez~Boo(y,r2) [f(Z)]
We have VA(y) = g(y) and [[VA(Y) |l < L

By the divergence theorem (or integration by parts),

j Ah(y)dy = f (Vh(y),n(y))dy
B (x,71)

aBOO (xrrl)

— — L
Thus, [Ey~B°o(x,r1) [Af(Y)] = (27"1) . 2n(2r1)" L.l = e

1

Define coordinate-wise deviations:

wi(z) = (Vf(z) —g(y),e;)) Vie|n]
We have E, g _(yr)lwi(2)] =0

By the Poincaré inequality on the box,

f 03 (2)|dz < rzj
Boo(yJTZ)

Vo (D)l,dz = r, j 1V2f (2)e; ]l dz
Boo(yJTZ)

BOO (yJTZ)
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Proof.

— _ L
Thus, IE:y~Boo(x,r1) [Af ()] < @2ry)™ - 2n(2r)" L. ==

r1

By the Poincaré inequality on the box,
| le@ldzsn [ Ve@lhdz=n [ I7f@eildz
Boo (y,12) Boo (¥,12) Boo (y,12)

Since f is convex, V4f = 0 and ||V2f(2)||r < Af(2)

We get that

j V£ (@) — g)ll1dz < ar, f Af(2)dz
B (¥,12)

BOO(yJTZ)

Thus, we have

E,E,[IIVf(2) — g)lli] < nS/ZL:—j
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Detour: L{- Poincareé Inequality

Theorem. Let () be connected, bounded and open. Then the following inequality holds for any
smooth function f:{l - R

e
f T Qfx X

If O = B, (0, R), then the L'-Poincaré constant equal to R (dim-independent)

e L
— 1
ny  \sca l9SlQl L

AN
AN
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Ey-Boy (1) Bz~ Boy (o LIVF (2) — g 111 < n3/2L =

Ll-Poich \
E,[10:f(2) — giWI] < R E,[l[V(9; /) (2)]l4]

< rE, (170Nl E,[h(»)] < nL/m
= 1, E, IV (2)el;] !

Summing over {
\ J Ah < Vol,,_1(30) - L
E,[IVf(2) = g@)l:] < 2E, [vaZf(z)eM <o)L

< rpn2E,[|IV2f(2)||F] I Cube’s surface area

f is convex l

[(Vh,n)| < [|[Vh][ < L

E,[IV2f (2)ll] = E,[Af (2)] V0 = B (2 cube
l n = te;
Divergence theorem [
LHS < 151Y/2Ey [Eyep (0, [AF (7 + W) : jQ A= | (Vhn)

Q
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Gradient Estimation

Algorithm 10: SubgradConvexFunc(f,z,r,¢€)

Require: r; >0, ||[0f(2)]|,, < L for any 2 € Bo(x,2r1). :
Set ro — 4/ .5%11[;' :

Sample y € Boo(z,71) and z € B (y,r2) independently and uniformly at random.
fori=1,2.--- .ndo

Let a; and 3; denote the end points of the interval Boo(y,r2) N{z + se; : s € R}.
Set §; = f(.ﬁf.)z;;f(a-i)
end

Output g as the approximate subgradient of f at x.

where we compute [ to within ¢ additive error.

Lemma (Approximate subgradient). Letry > 0 and f be a convex function. Suppose that
10f (2)|le < L forany z € By, (x, 217) and suppose that we can evaluate f to within € additive
error for € < ry\/nL. Let § = SubgradConvexFunc(f, x, 1y, €). Then,

f(y) = f(X) T (g'y o x) — (“)’ _ x”oo — 4TlT1L
where { = 0 is a random variable with E[{] < 3\/%715/4
1
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Gradient Estimation

Lemma (Approximate subgradient). Letr; > 0 and f be a convex function. Suppose that ||0f(2)||e < L for
any z € B, (x, 2r;) and suppose that we can evaluate f to within € additive error for € < r;\/nL. Let g
= SubgradConvexFunc(f, x, 1y, €). Then,

f(y) = f(x) + (g'y_x> - C”y_x”oo — 47’lT1L

where { = 0 is a random variable with E[{] < 3 §n5/4
1

Proof.

Assume f is twice-differentiable and € = 0. Let g(y) = E,.p_ (y,r,)|Vf (2)]

Eyes. (v llF: — 901l = E, f(ﬁi)Z; f(a;)
i 2

- g);

1 (|of
< ) — .
<E, o f ‘ ox, (z +se) —g(y)|ds

af
=[E, | 6_xl-(z) - g()’)i“ (z + se; ~ B, (y,13))

March 3, 2026 21



Gradient Estimation

Proof.

- Assume f is twice-differentiable and € = 0. Let g(y) = E,.p_ (y,r,)|Vf (2)]

|f(B) — f(ay)
215

—9();

~ 1 of
EzeBoyrpllGi — 9)ill = E, <E, ZrZJ ‘ax_ (z+se;) —g(y);|lds
l

=E, | a_xl(z) gy); “ (z + se; ~ By (y,13))

+ Thus, E,lI[g — Vf(@)Il1] S Elllg — 9O)Il1] + E.lllg(y) — VS (@)ll1] < 2E,[lIVf(2) — g)ll1]
- The convexity of f gives that

fy) =2 f(2) +(Vf(2),y —2) = f(2) +(g,y —x) +(Vf(2) =g,y — x) + (Vf(2),x — 2)
> f(2) +(g,y —x) = IVf(2) = gll1lly — xll = [IVf(2)llcs llx — 2l|4
2 f(xX)+@Gy—x—IVf(2) = Gll.lly — xllcc — 2LI|x — 2]l
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Gradient Estimation

Proof.
f)=fx)+@Gy—x)—IIVf(2) — gll1lly — xll — 2L[[x — z]|4
By definition,||lx — z||; < n||lx — z||o < n(ry +1p) < 2nny

By the previous lemma,

IEyIEz[”Vf(Z) - glli] < ZIEyIEZ[”Vf(z) —gll,] < an/zl‘:_j

Thus, f(¥) = f(x) + (G, y — x) = {lly — x|l — 4nryL

If f can only be evaluated with € additive error, then it introduces ri error to g;, which gives
2

r, €n
E[(] < 2n3/2Lr—2+r— < 3./Le/r; n®/*
)
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Today’s Lecture

« QOracles for Convex Sets
« Oracles for Convex Functions

- Separation for Convex Set
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Separation for Convex Set

Theorem (MEM to SEP, Lee-Sidford-Vempala “17). Let K be a convex body s.t. B} € K € RBJ.
Then, forany 0 < n < 1/2, we can compute an n-approximate separation oracle for K using
O(nlog(nR/n)) queries to a membership oracle for K

If |ly]l, > R, then we just return the separating plane for RBY:
{x:0=2(x—-yy)}

Consider the segment from 0 to y, and let z be the point on the
boundary of K

We will compute a supporting hyperplane of K at z
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Separation for Convex Set

We introduce the depth function:

dy(x) = sup{aEO:x+a 4 EK}
Iyl

The maximum is guaranteed to exist since the set on the right is nonempty, closed, and bounded

We will show that the subgradient of dy can serve as an approximate separating hyperplane
Lemma.

- Foranyx € K, dy(x) € [0,2R]. We can compute d,(x) up to § additive error using
O(log(R/&)) queries to a membership oracle for K (using binary search)

2 dy is concave

+ dyis (ffg)-Lipshitz on B(0,8) forany § <r
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Separation for Convex Set

Lemma (Errorless oracles). Let K be a convex set with B} € K € RB}.Foranyy € RBJ\K, let g

€ (3(—dy)(0). Then, g is a separating hyperplane between y and K

Proof.

Since —d,, is convex, by the definition of subgradient, we have
—d,(x) = —dy(0) +(g,x) = 0=<d,(x) <d,(0) —(g,x) Vx€K

Note that —x 1y = —r% € rB} c K anddy,(—k~'y) = d,,(0) + k~Hlyll;

1 _ y Y
Thus, dy(0) + 2 lIyll, = dy (—) < d,(0) - (g, ¢y

Thatis, (g,y) = ||y,

- B

= ||y||2} cK,andy &K

Since the line segment {ty 0t

We have d,,(0)/[[yll, <1 -
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Separation for Convex Set

Recall the §-neighborhood K := {x € R" : d(x, K) < 6}
We define K_s :={x € K : x + 6B} € K}

Consider the approximate MEM and SEP: Algorithm: Separate,, (K, y)

n
Separation oracle (SEPs(K)): Ity € K ory € RB;

Input: y e R",§ >0
Output: “y € K5” or unit ¢ € R" s.t. - Kk:=R/randr; = nl/6gl/3R2/3)—1
(c,x) <{c,y)+ 6 Vx€EK_g

Compute g = SubgradConvexFunc(—dy, 0, r1,46)
Membership oracle (MEMg(K)):

Output:
Input: y e R", 6§ >0

50
Output: uy = Ké‘” or uy $ K—6” {x . ?n7/6R2/3K€1/3 2 (g,x _ y>}
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Separation for Convex Set

Lemma. Let K be a convex set with rB} € K ¢ RBZ. For any p € (0,1) and sufficiently small €,
with probability 1 — p, Separate, , (K, y) outputs a halfspace that contains K

Proof.

We know that —d,, is convex and 3k-Lipschitz on (g) B}

For e < O(R/n?), By, (0,2r,) C (g) BT

Thus, SubgradConvexFunc ensures that
—dy,(x) = —dy(0) +(g,x) — {l|x|lc — 12nm1k VX EK

Note that —x 1y = —r% € rB} c K and dy(—k~'y) = d,(0) + k7 *|lyll;

1 y ~ N, ¢
4y (0) + - lIyll, = dy (=) < dy(0) = (G, ~2) + ~[1yl.r + 1207,
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Separation for Convex Set

Lemma. Let K be a convex set with rB} € K ¢ RBZ. For any p € (0,1) and sufficiently small €,
with probability 1 — p, Separate, , (K, y) outputs a halfspace that contains K

Proof.

Thus, we get that

G5 2 Iyl = llylle — 12071
0 <dy(x) <dy(0) —(g,x) + {llxllo + 12n71k* VX EK

We claim that (1 — g) KcK .. Thus,y¢K_ ., = y¢& (1 — S) K

Foranyy € K, let z := (1—§)y

Forany u € eBY}, letw = Eu €ErB} cK

Then,z+u = (1 —E)y +§w € K since K is convex
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Separation for Convex Set

Lemma. Let K be a convex set with rB} € K ¢ RBZ. For any p € (0,1) and sufficiently small €,
with probability 1 — p, Separate, , (K, y) outputs a halfspace that contains K

Proof.

Thus, we get that
G5 = llyll; = llylle — 12077k

y&(l—f)K

} c K and in particular, ( — g) CIII};'(IIOz)y € (1 — g) K

By definition, {ty : 0 < t < C|i|§(||0)
2
ay(0)

_ £ - : n _R
Iyl <1=lyll2> dy(O) rdy(o) = dy(O) ek (since K € RB} and k = r)

Thus, (1 - ;)

March 3, 2026 31



Separation for Convex Set

Lemma. Let K be a convex set with rB} € K ¢ RBZ. For any p € (0,1) and sufficiently small €,
with probability 1 — p, Separate, , (K, y) outputs a halfspace that contains K

Proof.
0 < dy(0) — (g, x) + {llx|le + 12177 K7
Gy = llyllz = Cliyllo — 12nryx?
dy(0) < Ilyll; + ex

Combining them together, we have

0<(g,y—x)+ {(lxll + I¥llco) + 24n11K* + €K
<{(g,y — x) + 2¢R + 25nr;K*

We also have E[{] < 3 /%rﬁ/‘* =6 /%nSM
1 1
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Separation for Convex Set

Lemma. Let K be a convex set with rB} € K ¢ RBZ. For any p € (0,1) and sufficiently small €,
with probability 1 — p, Separate, , (K, y) outputs a halfspace that contains K

Proof.
0<(g,y— x)+ 2CR + 25nr, k>

We also have E[{] < 3 /%nS/‘L =6 /%nSM
1 1

Thus, foranyx € K, (g, x — y) < f, where
E[{] < 124/3ke/r, n>/4R + 2501 k? < 50n7/6R2/3¢1/3k
if we take r; = n1/6R2/3¢1/3 /i

By Markov inequality, with probability 1 — p, { < 50n7/6R%/3¢1/3k /p
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Separation for Convex Set

Theorem. Let K be a convex set withrB} € K € RB}.Forany 0 <1n < 1/2, we have that
SEP,(K) < 0(n log(mcR/n))MEM(n/nKR)ou) (K)

Proof.
dy(x) can be computed within § error using O(log(R/5)) queries to MEMs(K)
We have shown that § = Separates ,(K,y) is a separating hyperplane, except |[g|[, # 1

We know that (g, y) = ||¥ll2 — Cll¥lle — 12n7 k2. We claim that ||§|l, = 1/(4k)
yeK s = |lyll,=zr-6=r/2
12nrk2 = 12n7/6R2/3§1/3y

613
Clylles < S2n7/6R2/351/34

1
> —
4llyllz — 4x

3
If we take § < (100 - ) ,then(g,y) =r/2—r/4 =1r/4,and thus ||g]|, =
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Separation for Convex Set

Theorem. Let K be a convex set withrB} € K € RB}.Forany 0 <1n < 1/2, we have that
SEP,(K) < 0(n log(nKR/n))MEM(n/nKR)om (K)
Proof.

dy(x) can be computed within § error using O(log(R/5)) queries to MEMs(K)
We have shown that § = Separates ,(K,y) is a separating hyperplane, except |[g|[, # 1

We know that (g, y) = ||¥ll2 — Cll¥lle — 12n7 k2. We claim that ||§|l, = 1/(4k)

After re-scaling §, we obtain a separation oracle with error 200n7/6R2/3§1/3x2 /p and failure
probability O(nlog(R/6) 6 + p)

Thus, for SEP, (K), we need to choose 6 and p such that
3

pR1/3 )

7/6p2/351/3,.2
n < max{200n’/6R*3§3k?/p,0(nlog(R/6) 6 + p)}, &< <100n7/6K2
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Separation for Convex Set

Theorem. Let K be a convex set withrB} € K € RB}.Forany 0 <1n < 1/2, we have that
SEP,(K) < 0(n log(nKR/n))MEM(n/nKR)om (K)
Proof.

Thus, for SEP, (K), we need to choose § and p such that

n < max{200n”/6R%2/351/3k2 /p,0(nlog(R/8)6 + p)}, 8 < <

It suffices to choose

6
p = \/n7/6R2/3K251/3’ S = @< N )
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Oracles for Convex Sets and Convex Functions

e ™ r ™ 4 ) 4
OPT(K) = 085% | | SEP(K) = 85 GRAD(f*) | GRAD(f)
. e / o e J - e / - —
% . [ . L , .
(" N 4 ™ 4 N 4
VAL(K) = & MEM(K) = 85 EVAL(f*) EVAL(f)
N / \ J \- J -

~

—— is O(1)

——— is O(n)
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Quantum Oracles for Convex Sets

Chakrabarti-Childs-Li-Wu "20, van Apeldoorn-Gilyén-Gribling-de Wolf "20:

Classical: N -
ey 8@ ~ 8(n)
MEM(K) SEP(K) OPT(K) VAL(K)
6n) —— 6m ——  ew
Quantum:
o1 O (1)
‘ MEM(K) SEP(K) Q(y/n) OPT(K) VAL(K)
6y ——  Om (1)
Q(n)*

Key technique: Jordan’s qguantum algorithm for gradient estimation (Jordan '05, Gilyén-Garunachalam-
Wiebe "19)
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