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• Oracles for Convex Sets

• Oracles for Convex Functions

• Separation for Convex Set
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• Membership oracle (MEM): 

• Input: 𝒚𝒚 ∈ ℝ𝑛𝑛

• Output: “𝒚𝒚 ∈ 𝐾𝐾” or “𝑦𝑦 ∉ 𝐾𝐾”

• Separation oracle (SEP):

• Input: 𝒚𝒚 ∈ ℝ𝑛𝑛

• Output: “𝒚𝒚 ∈ 𝐾𝐾” or 𝒄𝒄 ∈ ℝ𝑛𝑛 s.t. 𝒄𝒄,𝒙𝒙 ≤ 𝒄𝒄,𝒚𝒚  ∀𝒙𝒙 ∈ 𝐾𝐾

• Validity oracle (VAL): 

• Input: 𝒄𝒄 ∈ ℝ𝑛𝑛

• Output: “𝐾𝐾 = ∅” or max
𝒙𝒙∈𝐾𝐾

𝒄𝒄,𝒙𝒙

• Optimization oracle (OPT):

• Input: 𝒄𝒄 ∈ ℝ𝑛𝑛

• Output: “𝐾𝐾 = ∅” or 𝒚𝒚 ∈ 𝐾𝐾 s.t. 𝒄𝒄,𝒙𝒙 ≤ 𝒄𝒄,𝒚𝒚  ∀𝑥𝑥 ∈ 𝐾𝐾
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The complexities of these oracles depend on the problem

• If 𝐾𝐾 = 𝑨𝑨𝑨𝑨 ≤ 𝒃𝒃 , then SEP/MEM are easy while VAL/OPT need to solve a linear program

• If 𝐾𝐾 = conv 𝒂𝒂𝑖𝑖 , then VAL/OPT are easy since we just need to check 𝒄𝒄,𝒂𝒂𝑖𝑖  for each 𝑖𝑖

Membership oracle (MEM): 

• Input: 𝒚𝒚 ∈ ℝ𝑛𝑛

• Output: “𝒚𝒚 ∈ 𝐾𝐾” or “𝑦𝑦 ∉ 𝐾𝐾”

Separation oracle (SEP):

• Input: 𝒚𝒚 ∈ ℝ𝑛𝑛

• Output: “𝒚𝒚 ∈ 𝐾𝐾” or 𝒄𝒄 ∈ ℝ𝑛𝑛 s.t. 𝒄𝒄,𝒙𝒙 ≤ 𝒄𝒄,𝒚𝒚 ∀𝒙𝒙 ∈ 𝐾𝐾

Validity oracle (VAL): 

• Input: 𝒄𝒄 ∈ ℝ𝑛𝑛

• Output: “𝐾𝐾 = ∅” or max
𝒙𝒙∈𝐾𝐾

𝒄𝒄,𝒙𝒙

Optimization oracle (OPT):

• Input: 𝒄𝒄 ∈ ℝ𝑛𝑛

• Output: “𝐾𝐾 = ∅” or 𝒚𝒚 ∈ 𝐾𝐾 s.t. 𝒄𝒄,𝒙𝒙 ≤ 𝒄𝒄,𝒚𝒚 ∀𝑥𝑥 ∈ 𝐾𝐾
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Suppose there are 𝑛𝑛 factories such that each factory can use resources 𝑟𝑟1, … , 𝑟𝑟𝑘𝑘 ∈ ℝ+
𝑘𝑘  to produce goods 

𝑔𝑔1, … ,𝑔𝑔ℓ ∈ ℝ+
ℓ . We use a vector 𝒂𝒂 = 𝑟𝑟1, … , 𝑟𝑟𝑘𝑘 ,𝑔𝑔1, … ,𝑔𝑔ℓ ∈ ℝ+

𝑘𝑘+ℓ to represent it

For 𝒂𝒂1, … ,𝒂𝒂𝑛𝑛 ∈ ℝ+
𝑘𝑘+ℓ, we define the Zonotope as 

𝐾𝐾 ≔ �
𝑖𝑖=1

𝑛𝑛
𝜆𝜆𝑖𝑖𝒂𝒂𝑖𝑖 ∈ ℝ𝑘𝑘+ℓ ∶ 0 ≤ 𝜆𝜆𝑖𝑖 ≤ 1 ∀𝑖𝑖 ∈ 𝑛𝑛

• How to implement MEM, SEP, VAL, OPT for 𝐾𝐾?

Factory GoodsResources
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For 𝒂𝒂1, … ,𝒂𝒂𝑛𝑛 ∈ ℝ+
𝑘𝑘+ℓ, we define the Zonotope as 

𝐾𝐾 ≔ �
𝑖𝑖=1

𝑛𝑛
𝜆𝜆𝑖𝑖𝒂𝒂𝑖𝑖 ∈ ℝ𝑘𝑘+ℓ ∶ 0 ≤ 𝜆𝜆𝑖𝑖 ≤ 1 ∀𝑖𝑖 ∈ 𝑛𝑛

• How to implement MEM, SEP, VAL, OPT for 𝐾𝐾?

Membership oracle (MEM): 

• Input: 𝒚𝒚 ∈ ℝ𝑛𝑛

• Output: “𝒚𝒚 ∈ 𝐾𝐾” or “𝑦𝑦 ∉ 𝐾𝐾”

Separation oracle (SEP):

• Input: 𝒚𝒚 ∈ ℝ𝑛𝑛

• Output: “𝒚𝒚 ∈ 𝐾𝐾” or 𝒄𝒄 ∈ ℝ𝑛𝑛 s.t. 𝒄𝒄,𝒙𝒙 ≤ 𝒄𝒄,𝒚𝒚 ∀𝒙𝒙 ∈ 𝐾𝐾

Validity oracle (VAL): 

• Input: 𝒄𝒄 ∈ ℝ𝑛𝑛

• Output: “𝐾𝐾 = ∅” or max
𝒙𝒙∈𝐾𝐾

𝒄𝒄,𝒙𝒙

Optimization oracle (OPT):

• Input: 𝒄𝒄 ∈ ℝ𝑛𝑛

• Output: “𝐾𝐾 = ∅” or 𝒚𝒚 ∈ 𝐾𝐾 s.t. 𝒄𝒄,𝒙𝒙 ≤ 𝒄𝒄,𝒚𝒚 ∀𝑥𝑥 ∈ 𝐾𝐾
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The polar of a convex set 𝐾𝐾 is defined as 
𝐾𝐾∘ ≔ 𝒚𝒚 ∈ ℝ𝑛𝑛 ∶ 𝒙𝒙,𝒚𝒚 ≤ 1 ∀𝒙𝒙 ∈ 𝐾𝐾

Theorem.  Let 𝐾𝐾 ⊆ ℝ𝑛𝑛 be convex and compact, and 𝐵𝐵 0, 𝑟𝑟 ⊆ 𝐾𝐾 ⊆ 𝐵𝐵 0,𝑅𝑅 . Then

• 𝐾𝐾∘ is convex and compact, and 𝐵𝐵 ⁄0,1 𝑅𝑅 ⊆ 𝐾𝐾∘ ⊆ 𝐵𝐵 ⁄0,1 𝑟𝑟

• 𝐾𝐾∘ ∘ = 𝐾𝐾
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Lemma.  Let 𝐾𝐾 be a polytope with 𝟎𝟎 ∈ int 𝐾𝐾

1. If 𝐾𝐾 = conv 𝒂𝒂1, … ,𝒂𝒂𝑁𝑁 , then 𝐾𝐾∘ = 𝒚𝒚 ∶ 𝒂𝒂1,𝒚𝒚 ≤ 1, … , 𝒂𝒂𝑁𝑁,𝒚𝒚 ≤ 1

2. If 𝐾𝐾 = 𝒙𝒙 ∶ 𝒂𝒂1,𝒙𝒙 ≤ 1, … , 𝒂𝒂𝑁𝑁,𝒙𝒙 ≤ 1 , then 𝐾𝐾∘ = conv 𝒂𝒂1, … ,𝒂𝒂𝑁𝑁
Proof of 2.

• Let 𝝀𝝀 ∈ ℝ≥0
𝑁𝑁  with 𝜆𝜆1 + ⋯+ 𝜆𝜆𝑁𝑁 = 1

• ∑𝑖𝑖=1𝑁𝑁 𝜆𝜆𝑖𝑖𝒂𝒂𝑖𝑖 ,𝒙𝒙 ≤ 1 for all 𝑥𝑥 ∈ 𝐾𝐾

• Thus, 𝐶𝐶 ≔ conv 𝒂𝒂𝑖𝑖 ⊆ 𝐾𝐾∘

• Suppose 𝒚𝒚 ∉ 𝐶𝐶. Then ∃ separating hyperplane:

𝒂𝒂,𝒈𝒈 < 𝛽𝛽 < 𝒚𝒚,𝒈𝒈  ∀𝒂𝒂 ∈ 𝐶𝐶

• We can scale 𝒈𝒈 so that 𝒂𝒂𝑖𝑖 ,𝒈𝒈 < 1 < 𝒚𝒚,𝒈𝒈  ∀𝑖𝑖 ∈ 𝑁𝑁  

• Thus, 𝒈𝒈 ∈ 𝐾𝐾 and 𝒚𝒚 ∉ 𝐾𝐾∘
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OPT for 𝐾𝐾

SEP for 𝐾𝐾∘ OPT for 𝐾𝐾∘

SEP for 𝐾𝐾
CPM

CPM
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• For the input 𝒚𝒚 ∈ ℝ𝑛𝑛, query the optimization oracle OPT for 𝐾𝐾

• If max
𝒙𝒙∈𝐾𝐾

𝒚𝒚,𝒙𝒙 ≤ 1, then 𝒚𝒚 ∈ 𝐾𝐾∘

• Otherwise, let 𝒙𝒙⋆ ≔ arg max
𝒙𝒙∈𝐾𝐾

𝒚𝒚,𝒙𝒙

• Then, return 𝒙𝒙⋆ since 𝒙𝒙⋆,𝒘𝒘 ≤ 1 for all 𝒘𝒘 ∈ 𝐾𝐾∘ and 𝒙𝒙⋆,𝒚𝒚 > 1

• Since 𝐾𝐾∘ ∘ = 𝐾𝐾, we can also use OPT for 𝐾𝐾∘ to implement SEP for 𝐾𝐾

OPT for 𝐾𝐾 SEP for 𝐾𝐾∘ OPT for 𝐾𝐾∘ SEP for 𝐾𝐾
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• Oracles for Convex Sets

• Oracles for Convex Functions

• Separation for Convex Set
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• Evaluation oracle (EVAL):

• Input: 𝒚𝒚 ∈ ℝ𝑛𝑛

• Output: 𝑓𝑓 𝒚𝒚

• Subgradient oracle (GRAD):

• Input: 𝒚𝒚 ∈ ℝ𝑛𝑛

• Output: 𝑓𝑓 𝒚𝒚  and 𝒈𝒈 ∈ ℝ𝑛𝑛 such that 𝑓𝑓 𝒙𝒙 ≥ 𝑓𝑓 𝒚𝒚 + 𝒈𝒈,𝒙𝒙 − 𝒚𝒚   ∀𝒙𝒙 ∈ ℝ𝑛𝑛

For any function 𝑓𝑓, its convex conjugate is defined as
𝑓𝑓∗ 𝒚𝒚 ≔ sup

𝒙𝒙∈ℝ𝑛𝑛
𝒙𝒙,𝒚𝒚 − 𝑓𝑓 𝒙𝒙

 𝑓𝑓∗ 𝒚𝒚  is convex

 𝛿𝛿𝐾𝐾∗ 𝒄𝒄 = sup
𝒙𝒙∈𝐾𝐾

𝒄𝒄,𝒙𝒙 , i.e., VAL for 𝐾𝐾 = EVAL for 𝛿𝛿𝐾𝐾∗
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Lemma.  For any convex, closed, and proper 𝑓𝑓, its convex conjugate 𝑓𝑓∗ is convex, closed, and 
proper. Moreover, for any 𝒚𝒚 ∈ ℝ𝑛𝑛, 𝒙𝒙 ∈ 𝜕𝜕𝑓𝑓∗ 𝒚𝒚  iff 𝑥𝑥 ∈ arg max

𝒙𝒙
𝒚𝒚,𝒙𝒙 − 𝑓𝑓 𝒙𝒙

Proof sketch.

• Since 𝒙𝒙 ∈ 𝜕𝜕𝑓𝑓∗(𝒚𝒚), 𝑓𝑓∗ 𝒘𝒘 ≥ 𝑓𝑓∗ 𝒚𝒚 + 𝒙𝒙,𝒘𝒘− 𝒚𝒚  for all 𝒘𝒘 ∈ ℝ𝑛𝑛

• 𝒚𝒚,𝒙𝒙 − 𝑓𝑓∗ 𝒚𝒚 ≥ 𝒘𝒘,𝒙𝒙 − 𝑓𝑓∗ 𝒘𝒘  for all 𝒘𝒘 ∈ ℝ𝑛𝑛

• 𝒚𝒚,𝒙𝒙 − 𝑓𝑓∗ 𝒚𝒚 ≥ 𝑓𝑓∗∗ 𝒙𝒙 = 𝑓𝑓 𝒙𝒙

• That is, 𝑓𝑓∗ 𝒚𝒚 ≤ 𝒚𝒚,𝒙𝒙 − 𝑓𝑓 𝒙𝒙 , which implies that 𝒙𝒙 ∈ arg max
𝒙𝒙

𝒚𝒚,𝒙𝒙 − 𝑓𝑓 𝒙𝒙

Fact.  For closed, proper, and convex 𝑓𝑓, 𝑓𝑓∗∗ = 𝑓𝑓

 𝜕𝜕𝛿𝛿𝐾𝐾∗ 𝒄𝒄 = arg max
𝒙𝒙∈𝐾𝐾

⟨𝒄𝒄,𝒙𝒙⟩, i.e., GRAD for 𝛿𝛿𝐾𝐾∗  = OPT for 𝐾𝐾

 GRAD for 𝑓𝑓∗ can be implemented with �𝒪𝒪 𝑛𝑛  queries to GRAD for 𝑓𝑓 (via cutting plane method), and vice 
versa
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If 𝑓𝑓 is in 𝒞𝒞1, then the gradient can be approximated by a finite difference with sufficiently small ℎ:
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

=
𝑓𝑓 𝒙𝒙 + ℎ𝒆𝒆𝑖𝑖 − 𝑓𝑓 𝒙𝒙

ℎ + 𝒪𝒪 ℎ

• And it takes 𝑛𝑛 + 1 queries to EVAL to estimate ∇𝑓𝑓 𝒙𝒙

• However, convex function may not be differentiable

Lemma.  For any 𝐿𝐿-Lipschitz, convex function 𝑓𝑓:𝐵𝐵2𝑛𝑛 → ℝ, ∇2𝑓𝑓 𝒙𝒙  exists almost everywhere and 
𝔼𝔼𝒙𝒙∼𝐵𝐵2𝑛𝑛 ∇2𝑓𝑓 𝒙𝒙 𝐹𝐹 ≤ 𝑛𝑛𝑛𝑛

• Thus, we can evaluate gradient by randomly perturb 𝒙𝒙 and apply the finite difference



Gradient Estimation

March 3, 2026 15

Lemma.  Let 𝐵𝐵∞ 𝒙𝒙, 𝑟𝑟 ≔ 𝒚𝒚 ∶ 𝒚𝒚 − 𝒙𝒙 ∞ ≤ 𝑟𝑟 . For any 0 < 𝑟𝑟2 ≤ 𝑟𝑟1 and any 𝑓𝑓 ∶ 𝐵𝐵∞ 𝟎𝟎, 𝑟𝑟1 + 𝑟𝑟2
→ ℝ, suppose ∇𝑓𝑓 𝒛𝒛 ∞ ≤ 𝐿𝐿 for any 𝒛𝒛. Then, we have

𝔼𝔼𝒚𝒚∼𝐵𝐵∞ 𝒙𝒙,𝑟𝑟1 𝔼𝔼𝒛𝒛∼𝐵𝐵∞ 𝒚𝒚,𝑟𝑟2 ∇𝑓𝑓 𝒛𝒛 − 𝑔𝑔 𝒚𝒚 1 ≤ 𝑛𝑛 ⁄3 2𝐿𝐿
𝑟𝑟2
𝑟𝑟1

where 𝑔𝑔 𝒚𝒚 = 𝔼𝔼𝒛𝒛∼𝐵𝐵∞ 𝒚𝒚,𝑟𝑟2 ∇𝑓𝑓 𝒛𝒛
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Proof.

• Define a smoothed function ℎ:
ℎ 𝒚𝒚 ≔ 2𝑟𝑟2 −𝑛𝑛 ⋅ 𝑓𝑓 ⋆ 𝟏𝟏𝐵𝐵∞ 𝟎𝟎,𝑟𝑟2 𝒚𝒚 = 𝔼𝔼𝒛𝒛∼𝐵𝐵∞ 𝒚𝒚,𝑟𝑟2 𝑓𝑓 𝒛𝒛

• We have ∇ℎ 𝒚𝒚 = 𝑔𝑔 𝒚𝒚  and ∇ℎ 𝒚𝒚 ∞ ≤ 𝐿𝐿

• By the divergence theorem (or integration by parts),

�
𝐵𝐵∞ 𝒙𝒙,𝑟𝑟1

Δℎ 𝒚𝒚 d𝒚𝒚 = �
𝜕𝜕𝐵𝐵∞ 𝒙𝒙,𝑟𝑟1

∇ℎ 𝒚𝒚 ,𝒏𝒏 𝒚𝒚 d𝒚𝒚

• Thus, 𝔼𝔼𝒚𝒚∼𝐵𝐵∞ 𝒙𝒙,𝑟𝑟1 Δ𝑓𝑓 𝒚𝒚 ≤ 2𝑟𝑟1 −𝑛𝑛 ⋅ 2𝑛𝑛 2𝑟𝑟1 𝑛𝑛−1 ⋅ 𝐿𝐿 = 𝑛𝑛𝑛𝑛
𝑟𝑟1

• Define coordinate-wise deviations:
𝜔𝜔𝑖𝑖 𝒛𝒛 ≔ ∇𝑓𝑓 𝒛𝒛 − 𝑔𝑔 𝒚𝒚 , 𝒆𝒆𝑖𝑖  ∀𝑖𝑖 ∈ 𝑛𝑛

We have 𝔼𝔼𝒛𝒛∼𝐵𝐵∞ 𝒚𝒚,𝑟𝑟2 𝜔𝜔𝑖𝑖 𝒛𝒛 = 0 

• By the Poincaré inequality on the box,

�
𝐵𝐵∞ 𝒚𝒚,𝑟𝑟2

𝜔𝜔𝑖𝑖 𝒛𝒛 d𝒛𝒛 ≤ 𝑟𝑟2 �
𝐵𝐵∞ 𝒚𝒚,𝑟𝑟2

∇𝜔𝜔𝑖𝑖 𝒛𝒛 2d𝒛𝒛 = 𝑟𝑟2 �
𝐵𝐵∞ 𝒚𝒚,𝑟𝑟2

∇2𝑓𝑓 𝒛𝒛 𝒆𝒆𝑖𝑖 2d𝒛𝒛
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Proof.

• Thus, 𝔼𝔼𝒚𝒚∼𝐵𝐵∞ 𝒙𝒙,𝑟𝑟1 Δ𝑓𝑓 𝒚𝒚 ≤ 2𝑟𝑟1 −𝑛𝑛 ⋅ 2𝑛𝑛 2𝑟𝑟1 𝑛𝑛−1 ⋅ 𝐿𝐿 = 𝑛𝑛𝑛𝑛
𝑟𝑟1

• By the Poincaré inequality on the box,

�
𝐵𝐵∞ 𝒚𝒚,𝑟𝑟2

𝜔𝜔𝑖𝑖 𝒛𝒛 d𝒛𝒛 ≤ 𝑟𝑟2 �
𝐵𝐵∞ 𝒚𝒚,𝑟𝑟2

∇𝜔𝜔𝑖𝑖 𝒛𝒛 2d𝒛𝒛 = 𝑟𝑟2 �
𝐵𝐵∞ 𝒚𝒚,𝑟𝑟2

∇2𝑓𝑓 𝒛𝒛 𝒆𝒆𝑖𝑖 2d𝒛𝒛

• Since 𝑓𝑓 is convex, ∇2𝑓𝑓 ≽ 0 and ∇2𝑓𝑓 𝒛𝒛 𝐹𝐹 ≤ Δ𝑓𝑓 𝒛𝒛

• We get that

�
𝐵𝐵∞ 𝒚𝒚,𝑟𝑟2

∇𝑓𝑓 𝒛𝒛 − 𝑔𝑔 𝒚𝒚 1d𝒛𝒛 ≤ 𝑛𝑛𝑟𝑟2 �
𝐵𝐵∞ 𝒚𝒚,𝑟𝑟2

Δ𝑓𝑓 𝒛𝒛 d𝒛𝒛

• Thus, we have

𝔼𝔼𝒚𝒚𝔼𝔼𝒛𝒛 ∇𝑓𝑓 𝒛𝒛 − 𝑔𝑔 𝒚𝒚 1 ≤ 𝑛𝑛 ⁄3 2𝐿𝐿
𝑟𝑟2
𝑟𝑟1

∎
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Theorem.  Let Ω be connected, bounded and open. Then the following inequality holds for any 
smooth function 𝑓𝑓:Ω → ℝ

𝑓𝑓 −
1
Ω �

Ω
𝑓𝑓 𝑥𝑥 𝑑𝑑𝑑𝑑

𝐿𝐿1 Ω
≤ sup

𝑆𝑆⊂Ω

2 𝑆𝑆 Ω\S
𝜕𝜕𝜕𝜕 Ω ∇𝑓𝑓 𝐿𝐿1 Ω

• If Ω = 𝐵𝐵∞ 0,𝑅𝑅 , then the 𝐿𝐿1-Poincaré constant equal to 𝑅𝑅 (dim-independent)
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𝔼𝔼𝒚𝒚∼𝐵𝐵∞ 𝒙𝒙,𝑟𝑟1 𝔼𝔼𝒛𝒛∼𝐵𝐵∞ 𝒚𝒚,𝑟𝑟2 ∇𝑓𝑓 𝒛𝒛 − 𝑔𝑔 𝒚𝒚 1 ≤ 𝑛𝑛 ⁄3 2𝐿𝐿
𝑟𝑟2
𝑟𝑟1

𝔼𝔼𝑧𝑧 𝜕𝜕𝑖𝑖𝑓𝑓 𝑧𝑧 − 𝑔𝑔𝑖𝑖 𝑦𝑦 ≤ 𝑟𝑟2𝔼𝔼𝑧𝑧 ∇ 𝜕𝜕𝑖𝑖𝑓𝑓 𝑧𝑧 1
≤ 𝑟𝑟2𝔼𝔼𝑧𝑧 ∇ 𝜕𝜕𝑖𝑖𝑓𝑓 𝑧𝑧 2
= 𝑟𝑟2𝔼𝔼𝑧𝑧 ∇2𝑓𝑓 𝑧𝑧 𝒆𝒆𝑖𝑖 2

𝔼𝔼𝒛𝒛 ∇𝑓𝑓 𝒛𝒛 − 𝑔𝑔 𝒚𝒚 1 ≤ 𝑟𝑟2𝔼𝔼𝒛𝒛 �
𝑖𝑖=1

𝑛𝑛

∇2𝑓𝑓 𝒛𝒛 𝒆𝒆𝑖𝑖 2

≤ 𝑟𝑟2𝑛𝑛 ⁄1 2𝔼𝔼𝒛𝒛 ∇2𝑓𝑓 𝒛𝒛 𝐹𝐹

𝔼𝔼𝒛𝒛 ∇2𝑓𝑓 𝒛𝒛 𝐹𝐹 = 𝔼𝔼𝒛𝒛 Δ𝑓𝑓(𝒛𝒛)

LHS ≤ 𝑟𝑟2𝑛𝑛 ⁄1 2𝔼𝔼𝒚𝒚 𝔼𝔼𝒖𝒖∼𝐵𝐵∞ 𝟎𝟎,𝑟𝑟2 Δ𝑓𝑓(𝒚𝒚 + 𝒖𝒖) �
𝑄𝑄
Δℎ = �

𝜕𝜕𝜕𝜕
⟨∇ℎ,𝒏𝒏⟩

∇ℎ,𝒏𝒏 ≤ ∇ℎ ∞ ≤ 𝐿𝐿

�
𝑄𝑄
Δℎ ≤ Vol𝑛𝑛−1 𝜕𝜕𝜕𝜕 ⋅ 𝐿𝐿

≤ 2𝑛𝑛 2𝑟𝑟1 𝑛𝑛−1𝐿𝐿

𝔼𝔼𝒚𝒚 ℎ(𝒚𝒚) ≤ ⁄𝑛𝑛𝑛𝑛 𝑟𝑟1

𝐿𝐿1-Poincaré

Summing over 𝑖𝑖

𝑓𝑓 is convex

Divergence theorem

𝑄𝑄 = 𝐵𝐵∞ 𝒙𝒙, 𝑟𝑟1  cube 
𝒏𝒏 = ±𝒆𝒆𝑖𝑖

Cube’s surface area



Gradient Estimation

March 3, 2026 20

Lemma (Approximate subgradient).  Let 𝑟𝑟1 > 0 and 𝑓𝑓 be a convex function. Suppose that 
𝜕𝜕𝜕𝜕 𝒛𝒛 ∞ ≤ 𝐿𝐿 for any 𝒛𝒛 ∈ 𝐵𝐵∞(𝒙𝒙, 2𝑟𝑟1) and suppose that we can evaluate 𝑓𝑓 to within 𝜖𝜖 additive 

error for 𝜖𝜖 ≤ 𝑟𝑟1 𝑛𝑛𝐿𝐿. Let �𝒈𝒈 = SubgradConvexFunc(𝑓𝑓,𝒙𝒙, 𝑟𝑟1, 𝜖𝜖). Then,
𝑓𝑓 𝒚𝒚 ≥ 𝑓𝑓 𝒙𝒙 + �𝒈𝒈,𝒚𝒚 − 𝒙𝒙 − 𝜁𝜁 𝒚𝒚 − 𝒙𝒙 ∞ − 4𝑛𝑛𝑟𝑟1𝐿𝐿

where 𝜁𝜁 ≥ 0 is a random variable with 𝔼𝔼 𝜁𝜁 ≤ 3 𝐿𝐿𝐿𝐿
𝑟𝑟1
𝑛𝑛 ⁄5 4 
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Lemma (Approximate subgradient).  Let 𝑟𝑟1 > 0 and 𝑓𝑓 be a convex function. Suppose that 𝜕𝜕𝜕𝜕 𝒛𝒛 ∞ ≤ 𝐿𝐿 for 
any 𝒛𝒛 ∈ 𝐵𝐵∞(𝒙𝒙, 2𝑟𝑟1) and suppose that we can evaluate 𝑓𝑓 to within 𝜖𝜖 additive error for 𝜖𝜖 ≤ 𝑟𝑟1 𝑛𝑛𝐿𝐿. Let �𝒈𝒈
= SubgradConvexFunc(𝑓𝑓,𝒙𝒙, 𝑟𝑟1, 𝜖𝜖). Then,

𝑓𝑓 𝒚𝒚 ≥ 𝑓𝑓 𝒙𝒙 + �𝒈𝒈,𝒚𝒚 − 𝒙𝒙 − 𝜁𝜁 𝒚𝒚 − 𝒙𝒙 ∞ − 4𝑛𝑛𝑟𝑟1𝐿𝐿

where 𝜁𝜁 ≥ 0 is a random variable with 𝔼𝔼 𝜁𝜁 ≤ 3 𝐿𝐿𝐿𝐿
𝑟𝑟1
𝑛𝑛 ⁄5 4  

Proof.

• Assume 𝑓𝑓 is twice-differentiable and 𝜖𝜖 = 0. Let 𝑔𝑔 𝒚𝒚 ≔ 𝔼𝔼𝒛𝒛∼𝐵𝐵∞ 𝒚𝒚,𝑟𝑟2 ∇𝑓𝑓 𝒛𝒛

𝔼𝔼𝒛𝒛∼𝐵𝐵∞ 𝒚𝒚,𝑟𝑟2 �𝒈𝒈𝑖𝑖 − 𝒈𝒈 𝒚𝒚 𝑖𝑖 = 𝔼𝔼𝒛𝒛
𝑓𝑓 𝜷𝜷𝑖𝑖 − 𝑓𝑓 𝜶𝜶𝑖𝑖

2𝑟𝑟2
− 𝑔𝑔 𝒚𝒚 𝑖𝑖 ≤ 𝔼𝔼𝒛𝒛

1
2𝑟𝑟2

�
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

𝒛𝒛 + 𝑠𝑠𝒆𝒆𝑖𝑖 − 𝑔𝑔 𝒚𝒚 𝑖𝑖 d𝑠𝑠

= 𝔼𝔼𝒛𝒛
𝜕𝜕𝑓𝑓
𝜕𝜕𝑥𝑥𝑖𝑖

𝒛𝒛 − 𝑔𝑔 𝒚𝒚 𝑖𝑖 (𝒛𝒛 + 𝑠𝑠𝒆𝒆𝑖𝑖 ∼ 𝐵𝐵∞ 𝒚𝒚, 𝑟𝑟2 )
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Proof.

• Assume 𝑓𝑓 is twice-differentiable and 𝜖𝜖 = 0. Let 𝑔𝑔 𝒚𝒚 ≔ 𝔼𝔼𝒛𝒛∼𝐵𝐵∞ 𝒚𝒚,𝑟𝑟2 ∇𝑓𝑓 𝒛𝒛

𝔼𝔼𝒛𝒛∼𝐵𝐵∞ 𝒚𝒚,𝑟𝑟2 �𝒈𝒈𝑖𝑖 − 𝒈𝒈 𝒚𝒚 𝑖𝑖 = 𝔼𝔼𝒛𝒛
𝑓𝑓 𝜷𝜷𝑖𝑖 − 𝑓𝑓 𝜶𝜶𝑖𝑖

2𝑟𝑟2
− 𝑔𝑔 𝒚𝒚 𝑖𝑖 ≤ 𝔼𝔼𝒛𝒛

1
2𝑟𝑟2

�
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

𝒛𝒛 + 𝑠𝑠𝒆𝒆𝑖𝑖 − 𝑔𝑔 𝒚𝒚 𝑖𝑖 d𝑠𝑠

= 𝔼𝔼𝒛𝒛
𝜕𝜕𝑓𝑓
𝜕𝜕𝑥𝑥𝑖𝑖

𝒛𝒛 − 𝑔𝑔 𝒚𝒚 𝑖𝑖

• Thus, 𝔼𝔼𝒛𝒛 �𝒈𝒈 − ∇𝑓𝑓 𝒛𝒛 1 ≤ 𝔼𝔼𝒛𝒛 �𝒈𝒈 − 𝑔𝑔(𝒚𝒚) 1 + 𝔼𝔼𝒛𝒛 𝑔𝑔 𝒚𝒚 − ∇𝑓𝑓 𝒛𝒛 1 ≤ 2𝔼𝔼𝒛𝒛 ∇𝑓𝑓 𝒛𝒛 − 𝑔𝑔 𝒚𝒚 1

• The convexity of 𝑓𝑓 gives that

𝑓𝑓 𝒚𝒚 ≥ 𝑓𝑓 𝒛𝒛 + ∇𝑓𝑓 𝒛𝒛 ,𝒚𝒚 − 𝒛𝒛 = 𝑓𝑓 𝒛𝒛 + �𝒈𝒈,𝒚𝒚 − 𝒙𝒙 + ∇𝑓𝑓 𝒛𝒛 − �𝒈𝒈,𝒚𝒚 − 𝒙𝒙 + ∇𝑓𝑓 𝒛𝒛 ,𝒙𝒙 − 𝒛𝒛
≥ 𝑓𝑓 𝒛𝒛 + �𝒈𝒈,𝒚𝒚 − 𝒙𝒙 − ∇𝑓𝑓 𝒛𝒛 − �𝒈𝒈 1 𝒚𝒚 − 𝒙𝒙 ∞ − ∇𝑓𝑓 𝒛𝒛 ∞ 𝒙𝒙 − 𝒛𝒛 1
≥ 𝑓𝑓 𝒙𝒙 + �𝒈𝒈,𝒚𝒚 − 𝒙𝒙 − ∇𝑓𝑓 𝒛𝒛 − �𝒈𝒈 1 𝒚𝒚 − 𝒙𝒙 ∞ − 2𝐿𝐿 𝒙𝒙 − 𝒛𝒛 1

(𝒛𝒛 + 𝑠𝑠𝒆𝒆𝑖𝑖 ∼ 𝐵𝐵∞ 𝒚𝒚, 𝑟𝑟2 )
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Proof.

𝑓𝑓 𝒚𝒚 ≥ 𝑓𝑓 𝒙𝒙 + �𝒈𝒈,𝒚𝒚 − 𝒙𝒙 − ∇𝑓𝑓 𝒛𝒛 − �𝒈𝒈 1 𝒚𝒚 − 𝒙𝒙 ∞ − 2𝐿𝐿 𝒙𝒙 − 𝒛𝒛 1

• By definition, 𝒙𝒙 − 𝒛𝒛 1 ≤ 𝑛𝑛 𝒙𝒙 − 𝒛𝒛 ∞ ≤ 𝑛𝑛 𝑟𝑟1 + 𝑟𝑟2 ≤ 2𝑛𝑛𝑟𝑟1

• By the previous lemma,

𝔼𝔼𝒚𝒚𝔼𝔼𝒛𝒛 ∇𝑓𝑓 𝒛𝒛 − �𝒈𝒈 1 ≤ 2𝔼𝔼𝒚𝒚𝔼𝔼𝒛𝒛 ∇𝑓𝑓 𝒛𝒛 − 𝑔𝑔 𝒚𝒚 1 ≤ 2𝑛𝑛 ⁄3 2𝐿𝐿
𝑟𝑟2
𝑟𝑟1

• Thus, 𝑓𝑓 𝒚𝒚 ≥ 𝑓𝑓 𝒙𝒙 + �𝒈𝒈,𝒚𝒚 − 𝒙𝒙 − 𝜁𝜁 𝒚𝒚 − 𝒙𝒙 ∞ − 4𝑛𝑛𝑟𝑟1𝐿𝐿

• If 𝑓𝑓 can only be evaluated with 𝜖𝜖 additive error, then it introduces 𝜖𝜖
𝑟𝑟2

 error to �𝒈𝒈𝑖𝑖, which gives

𝔼𝔼 𝜁𝜁 ≤ 2𝑛𝑛 ⁄3 2𝐿𝐿
𝑟𝑟2
𝑟𝑟1

+
𝜖𝜖𝜖𝜖
𝑟𝑟2
≤ 3 ⁄𝐿𝐿𝐿𝐿 𝑟𝑟1 𝑛𝑛 ⁄5 4

∎
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• Oracles for Convex Sets

• Oracles for Convex Functions

• Separation for Convex Set
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Theorem (MEM to SEP, Lee-Sidford-Vempala ’17).  Let 𝐾𝐾 be a convex body s.t. 𝐵𝐵2𝑛𝑛 ⊆ 𝐾𝐾 ⊆ 𝑅𝑅𝐵𝐵2𝑛𝑛. 
Then, for any 0 < 𝜂𝜂 ≤ ⁄1 2, we can compute an 𝜂𝜂-approximate separation oracle for 𝐾𝐾 using 
𝒪𝒪 𝑛𝑛 log ⁄𝑛𝑛𝑛𝑛 𝜂𝜂  queries to a membership oracle for 𝐾𝐾

• If 𝒚𝒚 2 > 𝑅𝑅, then we just return the separating plane for 𝑅𝑅𝐵𝐵2𝑛𝑛:
𝒙𝒙 ∶ 0 ≥ 𝒙𝒙 − 𝒚𝒚,𝒚𝒚

• Consider the segment from 𝟎𝟎 to 𝒚𝒚, and let 𝒛𝒛 be the point on the
boundary of 𝐾𝐾

• We will compute a supporting hyperplane of 𝐾𝐾 at 𝒛𝒛
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We introduce the depth function:

𝑑𝑑𝒚𝒚 𝒙𝒙 ≔ sup 𝛼𝛼 ≥ 0 ∶ 𝒙𝒙 + 𝛼𝛼
𝒚𝒚
𝒚𝒚 2

∈ 𝐾𝐾

• The maximum is guaranteed to exist since the set on the right is nonempty, closed, and bounded

• We will show that the subgradient of 𝑑𝑑𝒚𝒚 can serve as an approximate separating hyperplane

Lemma.  

• For any 𝒙𝒙 ∈ 𝐾𝐾, 𝑑𝑑𝒚𝒚 𝒙𝒙 ∈ 0,2𝑅𝑅 . We can compute 𝑑𝑑𝒚𝒚 𝒙𝒙  up to 𝛿𝛿 additive error using 
𝒪𝒪 log ⁄𝑅𝑅 𝛿𝛿  queries to a membership oracle for 𝐾𝐾 (using binary search)

• 𝑑𝑑𝒚𝒚 is concave

• 𝑑𝑑𝒚𝒚 is 𝑅𝑅+𝛿𝛿
𝑟𝑟−𝛿𝛿

-Lipshitz on 𝐵𝐵 0, 𝛿𝛿  for any 𝛿𝛿 < 𝑟𝑟
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Lemma (Errorless oracles).  Let 𝐾𝐾 be a convex set with 𝑟𝑟𝐵𝐵2𝑛𝑛 ⊂ 𝐾𝐾 ⊂ 𝑅𝑅𝐵𝐵2𝑛𝑛. For any 𝒚𝒚 ∈ 𝑅𝑅𝐵𝐵2𝑛𝑛\𝐾𝐾, let 𝒈𝒈
∈ 𝜕𝜕 −𝑑𝑑𝒚𝒚 𝟎𝟎 . Then, 𝒈𝒈 is a separating hyperplane between 𝒚𝒚 and 𝐾𝐾

Proof.

• Since −𝑑𝑑𝒚𝒚 is convex, by the definition of subgradient, we have
−𝑑𝑑𝒚𝒚 𝒙𝒙 ≥ −𝑑𝑑𝒚𝒚 𝟎𝟎 + 𝒈𝒈,𝒙𝒙  ⟹  0 ≤ 𝑑𝑑𝒚𝒚 𝒙𝒙 ≤ 𝑑𝑑𝒚𝒚 𝟎𝟎 − 𝒈𝒈,𝒙𝒙  ∀𝒙𝒙 ∈ 𝐾𝐾

• Note that −𝜅𝜅−1𝒚𝒚 = −𝑟𝑟 𝒚𝒚
𝑅𝑅
∈ 𝑟𝑟𝐵𝐵2𝑛𝑛 ⊂ 𝐾𝐾 and 𝑑𝑑𝒚𝒚 −𝜅𝜅−1𝒚𝒚 = 𝑑𝑑𝒚𝒚 𝟎𝟎 + 𝜅𝜅−1 𝒚𝒚 2

• Thus, 𝑑𝑑𝒚𝒚 𝟎𝟎 + 1
𝜅𝜅
𝒚𝒚 2 = 𝑑𝑑𝒚𝒚 − 𝒚𝒚

𝜅𝜅
≤ 𝑑𝑑𝒚𝒚 𝟎𝟎 − 𝒈𝒈,−𝒚𝒚

𝜅𝜅

• That is, 𝒈𝒈,𝒚𝒚 ≥ 𝒚𝒚 2

• Since the line segment 𝑡𝑡𝒚𝒚 ∶ 0 ≤ 𝑡𝑡 ≤ 𝑑𝑑𝒚𝒚 𝟎𝟎
𝒚𝒚 2

⊂ 𝐾𝐾, and 𝒚𝒚 ∉ 𝐾𝐾

• We have ⁄𝑑𝑑𝒚𝒚 𝟎𝟎 𝒚𝒚 2 < 1

𝒚𝒚

𝟎𝟎
−
𝒚𝒚
𝜅𝜅

𝑑𝑑𝒚𝒚 𝟎𝟎

𝑑𝑑𝒚𝒚 −
𝒚𝒚
𝜅𝜅

∎
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• Recall the 𝛿𝛿-neighborhood 𝐾𝐾𝛿𝛿 ≔ 𝒙𝒙 ∈ ℝ𝑛𝑛 ∶ 𝑑𝑑 𝒙𝒙,𝐾𝐾 ≤ 𝛿𝛿

• We define 𝐾𝐾−𝛿𝛿 ≔ 𝒙𝒙 ∈ 𝐾𝐾 ∶ 𝒙𝒙 + 𝛿𝛿𝐵𝐵2𝑛𝑛 ⊆ 𝐾𝐾

Consider the approximate MEM and SEP:

• Separation oracle (SEP𝛿𝛿(𝐾𝐾)):

• Input: 𝒚𝒚 ∈ ℝ𝑛𝑛, 𝛿𝛿 > 0

• Output: “𝒚𝒚 ∈ 𝐾𝐾𝛿𝛿” or unit 𝒄𝒄 ∈ ℝ𝑛𝑛 s.t. 
𝒄𝒄,𝒙𝒙 ≤ 𝒄𝒄,𝒚𝒚 + 𝛿𝛿  ∀𝒙𝒙 ∈ 𝐾𝐾−𝛿𝛿

• Membership oracle (MEM𝛿𝛿 𝐾𝐾 ):

• Input: 𝒚𝒚 ∈ ℝ𝑛𝑛, 𝛿𝛿 > 0

• Output: “𝒚𝒚 ∈ 𝐾𝐾𝛿𝛿” or “𝒚𝒚 ∉ 𝐾𝐾−𝛿𝛿”

Algorithm:  Separate𝜖𝜖,𝜌𝜌 𝐾𝐾,𝒚𝒚

• If 𝒚𝒚 ∈ 𝐾𝐾𝜖𝜖 or 𝒚𝒚 ∉ 𝑅𝑅𝐵𝐵2𝑛𝑛

⋯

• 𝜅𝜅 ≔ ⁄𝑅𝑅 𝑟𝑟 and 𝑟𝑟1 ≔ 𝑛𝑛 ⁄1 6𝜖𝜖 ⁄1 3𝑅𝑅 ⁄2 3𝜅𝜅−1

• Compute �𝒈𝒈 = SubgradConvexFunc −𝑑𝑑𝒚𝒚,𝟎𝟎, 𝑟𝑟1, 4𝜖𝜖

• Output:

𝒙𝒙 ∶
50
𝜌𝜌
𝑛𝑛 ⁄7 6𝑅𝑅 ⁄2 3𝜅𝜅𝜖𝜖 ⁄1 3 ≥ �𝒈𝒈,𝒙𝒙 − 𝒚𝒚
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Lemma.  Let 𝐾𝐾 be a convex set with 𝑟𝑟𝐵𝐵2𝑛𝑛 ⊂ 𝐾𝐾 ⊂ 𝑅𝑅𝐵𝐵2𝑛𝑛. For any 𝜌𝜌 ∈ 0,1  and sufficiently small 𝜖𝜖, 
with probability 1 − 𝜌𝜌, Separate𝜖𝜖,𝜌𝜌 𝐾𝐾,𝒚𝒚  outputs a halfspace that contains 𝐾𝐾

Proof.

• We know that −𝑑𝑑𝒚𝒚 is convex and 3𝜅𝜅-Lipschitz on 𝑟𝑟
2
𝐵𝐵2𝑛𝑛

• For 𝜖𝜖 ≤ 𝒪𝒪 ⁄𝑅𝑅 𝑛𝑛2 , 𝐵𝐵∞ 𝟎𝟎, 2𝑟𝑟1 ⊂ 𝑟𝑟
2
𝐵𝐵2𝑛𝑛

• Thus, SubgradConvexFunc ensures that
−𝑑𝑑𝒚𝒚 𝒙𝒙 ≥ −𝑑𝑑𝒚𝒚 𝟎𝟎 + �𝒈𝒈,𝒙𝒙 − 𝜁𝜁 𝒙𝒙 ∞ − 12𝑛𝑛𝑟𝑟1𝜅𝜅 ∀𝒙𝒙 ∈ 𝐾𝐾

• Note that −𝜅𝜅−1𝒚𝒚 = −𝑟𝑟 𝒚𝒚
𝑅𝑅
∈ 𝑟𝑟𝐵𝐵2𝑛𝑛 ⊂ 𝐾𝐾 and 𝑑𝑑𝒚𝒚 −𝜅𝜅−1𝒚𝒚 = 𝑑𝑑𝒚𝒚 𝟎𝟎 + 𝜅𝜅−1 𝒚𝒚 2

𝑑𝑑𝒚𝒚 𝟎𝟎 +
1
𝜅𝜅

𝒚𝒚 2 = 𝑑𝑑𝒚𝒚 −
𝒚𝒚
𝜅𝜅

≤ 𝑑𝑑𝒚𝒚 𝟎𝟎 − �𝒈𝒈,−
𝒚𝒚
𝜅𝜅

+
𝜁𝜁
𝜅𝜅

𝒚𝒚 ∞ + 12𝑛𝑛𝑟𝑟1𝜅𝜅
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Lemma.  Let 𝐾𝐾 be a convex set with 𝑟𝑟𝐵𝐵2𝑛𝑛 ⊂ 𝐾𝐾 ⊂ 𝑅𝑅𝐵𝐵2𝑛𝑛. For any 𝜌𝜌 ∈ 0,1  and sufficiently small 𝜖𝜖, 
with probability 1 − 𝜌𝜌, Separate𝜖𝜖,𝜌𝜌 𝐾𝐾,𝒚𝒚  outputs a halfspace that contains 𝐾𝐾

Proof.

• Thus, we get that
 �𝒈𝒈,𝒚𝒚 ≥ 𝒚𝒚 2 − 𝜁𝜁 𝒚𝒚 ∞ − 12𝑛𝑛𝑟𝑟1𝜅𝜅2

0 ≤ 𝑑𝑑𝒚𝒚 𝒙𝒙 ≤ 𝑑𝑑𝒚𝒚 𝟎𝟎 − �𝒈𝒈,𝒙𝒙 + 𝜁𝜁 𝒙𝒙 ∞ + 12𝑛𝑛𝑟𝑟1𝜅𝜅2 ∀𝒙𝒙 ∈ 𝐾𝐾

• We claim that 1 − 𝜖𝜖
𝑟𝑟
𝐾𝐾 ⊂ 𝐾𝐾−𝜖𝜖. Thus, 𝒚𝒚 ∉ 𝐾𝐾−𝜖𝜖  ⟹  𝒚𝒚 ∉ 1 − 𝜖𝜖

𝑟𝑟
𝐾𝐾

• For any 𝒚𝒚 ∈ 𝐾𝐾, let 𝒛𝒛 ≔ 1 − 𝜖𝜖
𝑟𝑟
𝒚𝒚

• For any 𝒖𝒖 ∈ 𝜖𝜖𝐵𝐵2𝑛𝑛, let 𝒘𝒘 ≔ 𝑟𝑟
𝜖𝜖
𝒖𝒖 ∈ 𝑟𝑟𝐵𝐵2𝑛𝑛 ⊂ 𝐾𝐾

• Then, 𝒛𝒛 + 𝒖𝒖 = 1 − 𝜖𝜖
𝑟𝑟
𝒚𝒚 + 𝜖𝜖

𝑟𝑟
𝒘𝒘 ∈ 𝐾𝐾 since 𝐾𝐾 is convex
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Lemma.  Let 𝐾𝐾 be a convex set with 𝑟𝑟𝐵𝐵2𝑛𝑛 ⊂ 𝐾𝐾 ⊂ 𝑅𝑅𝐵𝐵2𝑛𝑛. For any 𝜌𝜌 ∈ 0,1  and sufficiently small 𝜖𝜖, 
with probability 1 − 𝜌𝜌, Separate𝜖𝜖,𝜌𝜌 𝐾𝐾,𝒚𝒚  outputs a halfspace that contains 𝐾𝐾

Proof.

• Thus, we get that
�𝒈𝒈,𝒚𝒚 ≥ 𝒚𝒚 2 − 𝜁𝜁 𝒚𝒚 ∞ − 12𝑛𝑛𝑟𝑟1𝜅𝜅2

• 𝒚𝒚 ∉ 1 − 𝜖𝜖
𝑟𝑟
𝐾𝐾

• By definition, 𝑡𝑡𝒚𝒚 ∶ 0 ≤ 𝑡𝑡 ≤ 𝑑𝑑𝒚𝒚 𝟎𝟎
𝒚𝒚 2

⊂ 𝐾𝐾 and in particular, 1 − 𝜖𝜖
𝑟𝑟

𝑑𝑑𝒚𝒚 𝟎𝟎
𝒚𝒚 2

𝒚𝒚 ∈ 1 − 𝜖𝜖
𝑟𝑟
𝐾𝐾

• Thus, 1 − 𝜖𝜖
𝑟𝑟

𝑑𝑑𝒚𝒚 𝟎𝟎
𝒚𝒚 2

< 1  ⟹ 𝒚𝒚 2 > 𝑑𝑑𝒚𝒚 𝟎𝟎 − 𝝐𝝐
𝑟𝑟
𝑑𝑑𝒚𝒚 𝟎𝟎 ≥ 𝑑𝑑𝒚𝒚 𝟎𝟎 − 𝜖𝜖𝜖𝜖 (since 𝐾𝐾 ⊂ 𝑅𝑅𝐵𝐵2𝑛𝑛 and 𝜅𝜅 = 𝑅𝑅

𝑟𝑟
)
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Lemma.  Let 𝐾𝐾 be a convex set with 𝑟𝑟𝐵𝐵2𝑛𝑛 ⊂ 𝐾𝐾 ⊂ 𝑅𝑅𝐵𝐵2𝑛𝑛. For any 𝜌𝜌 ∈ 0,1  and sufficiently small 𝜖𝜖, 
with probability 1 − 𝜌𝜌, Separate𝜖𝜖,𝜌𝜌 𝐾𝐾,𝒚𝒚  outputs a halfspace that contains 𝐾𝐾

Proof.

• 0 ≤ 𝑑𝑑𝒚𝒚 𝟎𝟎 − �𝒈𝒈,𝒙𝒙 + 𝜁𝜁 𝒙𝒙 ∞ + 12𝑛𝑛𝑟𝑟1𝜅𝜅2

• �𝒈𝒈,𝒚𝒚 ≥ 𝒚𝒚 2 − 𝜁𝜁 𝒚𝒚 ∞ − 12𝑛𝑛𝑟𝑟1𝜅𝜅2

• 𝑑𝑑𝒚𝒚 𝟎𝟎 ≤ 𝒚𝒚 2 + 𝜖𝜖𝜖𝜖

• Combining them together, we have

0 ≤ �𝒈𝒈,𝒚𝒚 − 𝒙𝒙 + 𝜁𝜁 𝒙𝒙 ∞ + 𝒚𝒚 ∞ + 24𝑛𝑛𝑟𝑟1𝜅𝜅2 + 𝜖𝜖𝜖𝜖
≤ �𝒈𝒈,𝒚𝒚 − 𝒙𝒙 + 2𝜁𝜁𝑅𝑅 + 25𝑛𝑛𝑟𝑟1𝜅𝜅2

• We also have 𝔼𝔼 𝜁𝜁 ≤ 3 4𝐿𝐿𝐿𝐿
𝑟𝑟1
𝑛𝑛 ⁄5 4 = 6 3𝜅𝜅𝜅𝜅

𝑟𝑟1
𝑛𝑛 ⁄5 4
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Lemma.  Let 𝐾𝐾 be a convex set with 𝑟𝑟𝐵𝐵2𝑛𝑛 ⊂ 𝐾𝐾 ⊂ 𝑅𝑅𝐵𝐵2𝑛𝑛. For any 𝜌𝜌 ∈ 0,1  and sufficiently small 𝜖𝜖, 
with probability 1 − 𝜌𝜌, Separate𝜖𝜖,𝜌𝜌 𝐾𝐾,𝒚𝒚  outputs a halfspace that contains 𝐾𝐾

Proof.

0 ≤ �𝒈𝒈,𝒚𝒚 − 𝒙𝒙 + 2𝜁𝜁𝑅𝑅 + 25𝑛𝑛𝑟𝑟1𝜅𝜅2

• We also have 𝔼𝔼 𝜁𝜁 ≤ 3 4𝐿𝐿𝐿𝐿
𝑟𝑟1
𝑛𝑛 ⁄5 4 = 6 3𝜅𝜅𝜅𝜅

𝑟𝑟1
𝑛𝑛 ⁄5 4

• Thus, for any 𝒙𝒙 ∈ 𝐾𝐾, �𝒈𝒈,𝒙𝒙 − 𝒚𝒚 ≤ 𝜁𝜁, where
𝔼𝔼 𝜁𝜁 ≤ 12 ⁄3𝜅𝜅𝜅𝜅 𝑟𝑟1 𝑛𝑛 ⁄5 4𝑅𝑅 + 25𝑛𝑛𝑟𝑟1𝜅𝜅2 ≤ 50𝑛𝑛 ⁄7 6𝑅𝑅 ⁄2 3𝜖𝜖 ⁄1 3𝜅𝜅

if we take 𝑟𝑟1 = ⁄𝑛𝑛 ⁄1 6𝑅𝑅 ⁄2 3𝜖𝜖 ⁄1 3 𝜅𝜅

• By Markov inequality, with probability 1 − 𝜌𝜌, 𝜁𝜁 ≤ ⁄50𝑛𝑛 ⁄7 6𝑅𝑅 ⁄2 3𝜖𝜖 ⁄1 3𝜅𝜅 𝜌𝜌

∎
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Theorem.  Let 𝐾𝐾 be a convex set with 𝑟𝑟𝐵𝐵2𝑛𝑛 ⊂ 𝐾𝐾 ⊂ 𝑅𝑅𝐵𝐵2𝑛𝑛. For any 0 ≤ 𝜂𝜂 < ⁄1 2, we have that
SEP𝜂𝜂 𝐾𝐾 ≤ 𝒪𝒪 𝑛𝑛 log ⁄𝑛𝑛𝑛𝑛𝑛𝑛 𝜂𝜂 MEM ⁄𝜂𝜂 𝑛𝑛𝑛𝑛𝑛𝑛 𝒪𝒪 1 𝐾𝐾

Proof.

• 𝑑𝑑𝒚𝒚 𝒙𝒙  can be computed within 𝛿𝛿 error using 𝒪𝒪 log ⁄𝑅𝑅 𝛿𝛿  queries to MEM𝛿𝛿 𝐾𝐾

• We have shown that �𝒈𝒈 = Separate𝛿𝛿,𝜌𝜌 𝐾𝐾,𝒚𝒚  is a separating hyperplane, except �𝒈𝒈 2 ≠ 1

• We know that �𝒈𝒈,𝒚𝒚 ≥ 𝒚𝒚 2 − 𝜁𝜁 𝒚𝒚 ∞ − 12𝑛𝑛𝑟𝑟1𝜅𝜅2. We claim that �𝒈𝒈 2 ≥ ⁄1 4𝜅𝜅

• 𝒚𝒚 ∉ 𝐾𝐾−𝛿𝛿  ⟹ 𝒚𝒚 2 ≥ 𝑟𝑟 − 𝛿𝛿 ≥ ⁄𝑟𝑟 2

• 12𝑛𝑛𝑟𝑟1𝜅𝜅2 = 12𝑛𝑛 ⁄7 6𝑅𝑅 ⁄2 3𝛿𝛿 ⁄1 3𝜅𝜅

• 𝜁𝜁 𝒚𝒚 ∞ ≤ 6 3
𝜌𝜌
𝑛𝑛 ⁄7 6𝑅𝑅 ⁄2 3𝛿𝛿 ⁄1 3𝜅𝜅

• If we take 𝛿𝛿 ≤ 𝜌𝜌𝑅𝑅 ⁄1 3

100𝑛𝑛 ⁄7 6𝜅𝜅2

3
, then �𝒈𝒈,𝒚𝒚 ≥ ⁄𝑟𝑟 2 − ⁄𝑟𝑟 4 = ⁄𝑟𝑟 4, and thus �𝒈𝒈 2 ≥

𝑟𝑟
4 𝒚𝒚 2

≥ 1
4𝜅𝜅
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Theorem.  Let 𝐾𝐾 be a convex set with 𝑟𝑟𝐵𝐵2𝑛𝑛 ⊂ 𝐾𝐾 ⊂ 𝑅𝑅𝐵𝐵2𝑛𝑛. For any 0 ≤ 𝜂𝜂 < ⁄1 2, we have that
SEP𝜂𝜂 𝐾𝐾 ≤ 𝒪𝒪 𝑛𝑛 log ⁄𝑛𝑛𝑛𝑛𝑛𝑛 𝜂𝜂 MEM ⁄𝜂𝜂 𝑛𝑛𝑛𝑛𝑛𝑛 𝒪𝒪 1 𝐾𝐾

Proof.

• 𝑑𝑑𝒚𝒚 𝒙𝒙  can be computed within 𝛿𝛿 error using 𝒪𝒪 log ⁄𝑅𝑅 𝛿𝛿  queries to MEM𝛿𝛿 𝐾𝐾

• We have shown that �𝒈𝒈 = Separate𝛿𝛿,𝜌𝜌 𝐾𝐾,𝒚𝒚  is a separating hyperplane, except �𝒈𝒈 2 ≠ 1

• We know that �𝒈𝒈,𝒚𝒚 ≥ 𝒚𝒚 2 − 𝜁𝜁 𝒚𝒚 ∞ − 12𝑛𝑛𝑟𝑟1𝜅𝜅2. We claim that �𝒈𝒈 2 ≥ ⁄1 4𝜅𝜅

• After re-scaling �𝑔𝑔, we obtain a separation oracle with error ⁄200𝑛𝑛 ⁄7 6𝑅𝑅 ⁄2 3𝛿𝛿 ⁄1 3𝜅𝜅2 𝜌𝜌 and failure 
probability 𝒪𝒪 𝑛𝑛 log ⁄𝑅𝑅 𝛿𝛿 𝛿𝛿 + 𝜌𝜌

• Thus, for SEP𝜂𝜂 𝐾𝐾 , we need to choose 𝛿𝛿 and 𝜌𝜌 such that

𝜂𝜂 ≤ max ⁄200𝑛𝑛 ⁄7 6𝑅𝑅 ⁄2 3𝛿𝛿 ⁄1 3𝜅𝜅2 𝜌𝜌 ,𝒪𝒪 𝑛𝑛 log ⁄𝑅𝑅 𝛿𝛿 𝛿𝛿 + 𝜌𝜌 , 𝛿𝛿 ≤
𝜌𝜌𝑅𝑅 ⁄1 3

100𝑛𝑛 ⁄7 6𝜅𝜅2

3

≤ 𝒪𝒪
𝑅𝑅
𝑛𝑛2



Separation for Convex Set

March 3, 2026 36

Theorem.  Let 𝐾𝐾 be a convex set with 𝑟𝑟𝐵𝐵2𝑛𝑛 ⊂ 𝐾𝐾 ⊂ 𝑅𝑅𝐵𝐵2𝑛𝑛. For any 0 ≤ 𝜂𝜂 < ⁄1 2, we have that
SEP𝜂𝜂 𝐾𝐾 ≤ 𝒪𝒪 𝑛𝑛 log ⁄𝑛𝑛𝑛𝑛𝑛𝑛 𝜂𝜂 MEM ⁄𝜂𝜂 𝑛𝑛𝑛𝑛𝑛𝑛 𝒪𝒪 1 𝐾𝐾

Proof.

• Thus, for SEP𝜂𝜂 𝐾𝐾 , we need to choose 𝛿𝛿 and 𝜌𝜌 such that

𝜂𝜂 ≤ max ⁄200𝑛𝑛 ⁄7 6𝑅𝑅 ⁄2 3𝛿𝛿 ⁄1 3𝜅𝜅2 𝜌𝜌 ,𝒪𝒪 𝑛𝑛 log ⁄𝑅𝑅 𝛿𝛿 𝛿𝛿 + 𝜌𝜌 , 𝛿𝛿 ≤
𝜌𝜌𝑅𝑅 ⁄1 3

100𝑛𝑛 ⁄7 6𝜅𝜅2

3

• It suffices to choose

𝜌𝜌 = 𝑛𝑛7∕6𝑅𝑅 ⁄2 3𝜅𝜅2𝛿𝛿 ⁄1 3,  𝛿𝛿 = Θ
𝜂𝜂6

𝑛𝑛 ⁄7 2𝜅𝜅6𝑅𝑅2

∎
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Chakrabarti-Childs-Li-Wu ’20, van Apeldoorn-Gilyén-Gribling-de Wolf ’20:

• Key technique: Jordan’s quantum algorithm for gradient estimation (Jordan ’05, Gilyén-Garunachalam-
Wiebe ’19)
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