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Card Shuffling

How many times do you need to shuffle a new deck of cards

Top-to-Random Shuffle Riffle Shuffle Choose k ~ Bin (n, %)

- L :=top k cards
« R :=bottomn — k cards

- Drop the cards at random from L or R
one card at a time

- Choose L with probability {—ir, where

£, r are the sizes of L, R at that time

- Choose R with probability f:—r
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Card Shuffling

How many times do you need to shuffle a new deck of cards

Mathematically, we can consider the order of the cards as a permutation o: [n] — [n]

Y

A fully shuffled deck corresponds to a uniformly random permutation from §,,, the set (group) of all n!
permutations of [n]

A new deck of cards (unshuffled) corresponds to o = id := (

Each iteration of shuffling can be viewed as randomly “walking” from current permutation o to a new
permutation o’ € §,,

Fact. Top-to-Random Shuffle needs O(n In n) iterations, and Riffle Shuffle needs O(In n)
iterations. When n = 52, seven times of Riffle Shuffle are sufficient
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Markov Chains

A (discrete-time) Markov chain on () is a sequence of random variables { X, };2, taking values in
satisfying the Markov property:

PriX, = x:|Xo = x¢, .o, Xp—1 = X4—1] = Pr|X; = x¢|Xe_1 = x,-1] Vt=0,xg,..,% € Q

Transition probability matrix (or Markov kernel) P € ]RQ&‘Q:

P(x,y) =P(x - y)=Pr[X; =y|lX;_; =x] Vx,y€EQ
P(x —-) (i.e., the x-th row of P) is a probability distribution over ()

Initial distribution uy € IRQO specifying the law of X|,

Let u; be the law of X;. Then we have
e = poP*
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Markov Chains

Random walk on graphs

Let G = (V, E) be an undirected graph. The simple random walk on G is a Markov chain with state space
Q) =V described by the following process:

If the current vertex is u € V, then we transition to a uniformly random neighbor of u.

Transition probability matrix:

P; = D;'A;
where A, denotes the adjacency matrix of G, and D; = Diag(deg;(v) : v € V) is the diagonal degree
matrix for normalization

1 1 1] 3 ] i 1/3 1/3 1/3]
1 1 _ 2 _|1/2 1/2
— D, = P~ =
Ade =11 4 G 2 “ 1172 1/2
|1 1 ! 1. L 1
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Markov Chains

We say a Markov chain P is reversible w.r.t. a distribution u if they satisfy the detailed balance
condition:

ux) -P(x »y) =puly)-P(y—-x) Vx,yeQ

If P is symmetric, i.e.,, P(x > y) = P(y - x), then P is reversible w.r.t. the uniform distribution over ()
The simple random walk on a graph G is reversible w.rt. u(v) < deg;(v)

Every reversible Markov chain corresponds to a random walk on a weighted, undirected graph ¢ =
(Q, E): we connect x ~ y if P(x - y) > 0 and we assign weight u(x)P(x — y) to this edge

u(x)P(x — y) is called the ergodic flow from x to y

Detailed balance condition «v» “Flow in = Flow out”
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Markov Chains

A probability distribution u on  is stationary with respect to a Markov chain P if uP = u

- For the random walk on a graph G, the stationary distribution u;(v) « deg.(v)

Lemma. Every Markov chain P has at least one stationary distribution

Proof.

P is stochastic = P1 =1 = 1is an eigenvalue of P = 1 is an eigenvalue of P'

Jv e R? st. vP=v

Forany x € Q, |[v(x)| = |ZyEQ v(Y)P(y - x)| < Yyeal VP (y - x)

If lv(x)| < Zyeﬂlv(y)lP(y — x), then summing over x gives:

D P@I<Y > woIPyox =) WO Py-0=) O

dxe()
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Markov Chains

A probability distribution u on  is stationary with respect to a Markov chain P if uP = u
For the random walk on a graph G, the stationary distribution u;(v) « deg.(v)

Lemma. Every Markov chain P has at least one stationary distribution

Lemma. If a Markov chain P is reversible w.r.t. u, then u is a stationary distribution

Proof.

pP() = ) p(IP(y =) = ) p(OP& =) = u(x)
y y
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Markov Chains

We say a Markov chain P is ergodic if P satisfies both of the following properties:
- Irreducibility: P is irreducible if for all x, y € (, there exists t = 0 such that P!(x - y) > 0

- Aperiodicity: The period of a state x € ) under P is defined as the greatest common divisor
(ged) of {t =1 : P'(x,x) > 0}. We say P is aperiodic if all states have period 1

Irreducibility means the underlying weighted directed graph of P is strongly connected

Aperiodicity is easy to satisfy by the lazyfication of P: we can let P’ := %. That is, in each step, there is a

%—probability of staying in the same state

Lemma. Let P be a Markov chain on a finite state space (). If P is irreducible and aperiodic, then
there exists t, such that forall x,y € Q, P%(x - y) > 0
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Markov Chains

Theorem (Fundamental Theorem of Markov Chains). Let P be an ergodic Markov chain on a state
space (1. Then P has a unique stationary distribution u on ). Furthermore, for every initial
distribution g, the distribution p, := uy Pt of X, converges (pointwise) to yt as t — oo

Proof.

We will only prove the theorem for reversible Markov chains. See e.g. (Levin-Peres-Wilmer ’17) for the
general case

If P is reversible w.r.t. u, then P is similar to a symmetric matrix under transformation by the diagonal

matrix D := Diag(m):
1

1
DPD 1 (x,y) = Ju(x)P(x - y) =Ju(y)P(y - x) = DPD(y,x)
X,y u()P(x -y ) u@)P(y - x o) Y, X

Thus, P is diagonalizable with real eigenvalues and eigenvectors
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Markov Chains

Theorem (Fundamental Theorem of Markov Chains). Let P be an ergodic Markov chain on a state
space (1. Then P has a unique stationary distribution u on ). Furthermore, for every initial
distribution g, the distribution p, := uy Pt of X, converges (pointwise) to yt as t — oo

Proof.

Theorem (Perron-Frobenius). Any irreducible, aperiodic stochastic matrix P has an eigenvalue

Ay = 1 with unique associated left eigenvector v; > 0. Moreover, all other eigenvalues A; satisfy
Al <1

We know that if P is reversible w.r.t. i, then P has real eigenvalues and u is a stationary distribution, i.e.,

an eigenvector with eigenvalue 1

Perron-Frobenius theorem implies that u is the unique stationary distribution

The convergence follows from a similar proof as the Power Method
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Markov Chains

Theorem (Fundamental Theorem of Markov Chains). Let P be an ergodic Markov chain on a state
space (1. Then P has a unique stationary distribution u on ). Furthermore, for every initial
distribution g, the distribution p, := uy Pt of X, converges (pointwise) to yt as t — oo

> e = UoPt = (U, v1)v; + Zi>1<ﬂ0;”i>/1§vi
> The convergence rate dependson A; — 4, = 1 — A,, the spectral gap of P
We can make 4/q| be bounded away from —1 by lazyfication

> If P is irreducible but not aperiodic, then the Markov chain may not converge to u from every starting
state:
p— [O 1],
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Speed of Convergence

Fix an ergodic Markov chain P with stationary distribution ¢ on a state space (). Let € > 0 be an
error parameter. We define the e-mixing time of P (with initial distribution u,) by

Tmix(€; #o, P) == min{t = 0 : [luoP* — pllry < €}

Tmix(E; P) = sup Tmix(E; ,LLO,P)
Ho

We define the total variation mixing time of P to be Ty,ix = Tmix(1/4)
The constant 1/4 is arbitrary. It holds that Tp,ix(€) < Thix - log(1/€) (Levin-Peres-Wilmer '17)

We can define a version of mixing time with respect to any metric on probability measures (e.g.
Wasserstein distance, KL-divergence, y?-divergence, etc.)

Fast mixing: Tyuix IS polynomial in the system size

Rapid mixing: Tyix 1S logarithmic in the system size

March 30, 2026 14



Detour: Metrics and Divergences between
Probability Distributions

Let w4, U, be two probability distributions

Total variation distance

1
dx = §||M1 — Ii2||1

1 (|duy  du,
s = taliry = sup () = i (8) =5 | ‘ 2

= sup |Eu1[f] B ]Eﬂz [f]l

[:Q-R:[ fllo=1

Wasserstein distance

Ity — wallw, == su E,, f] = Eulf]
U1 — U2llw, f:ﬂ_)]R:Il)_LiJ u Lf Ly f|
- = . — p 1/p = 1
Il Hz”Wp' T[El—'%l[:tlf,ﬂz) Ex vy~ IX = YIE]", ['(uq, U,) = {couplings of u, and u,}
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Detour: Metrics and Divergences between
Probability Distributions

Let w4, U, be two probability distributions

Kullback-Leibler divergence
pq (x)
po (x)

Dy (11 || 12) = zx p1(x) In

Chi-square divergence

() — 1 (1)
XZ(M”M) o zx (.U xuz(;c)z X )

Hellinger distance

||.U1 _#2||H = ||\/#_1_\/.“_2||2
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Detour: Metrics and Divergences between
Probability Distributions

1
> s — ol < Ny — walley < Ny — w2l < JDKL(#1||M2) = JXZ(M1||MZ)

1
g — pollry < 5\/)(2(#1”#2)

Ny — pallry < JDKL(H1||M2)/2 (Pinsker’s Inequality)

iy — piyllpy < \/1 _ e—DKL(M”Mz) <1-— % e—DKL(M1||M2) (Bretagnolles—Huber Bound)

Dy (ps [l12) < 1 (1 + 22 (allie2) ) < 2% (a2
iy — Mz”w1 < diam(Q) - [y — pzll1v

If Q finite, dmin -l — w2 lley < llpg — Ii2||W1, where d iy = Iglil)r}”x —yll;
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Speed of Convergence

Lemma (Data processing inequality). Let u, v be two probability measures on a finite state space

(), and let P be a Markov chain on (). Then
|uP — vP|lry < [lu —vlltv

Let u be stationary w.r.t. P

Then, applying one step of P to any other distribution v cannot increase its total variation distance from

U

So, P cannot “unmix” a distribution
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Spectral Theory of Markov Chains

Let u be a probability distribution over a finite state space (). This distribution induces an inner
product on the space of functions {f: Q) - R} = R" given by

(F.9 =Eulfgl =) u0f(g®

XEQ
We have shown that if a Markov chain P is reversible, then P has real eigenvalues and eigenvectors by an
explicit diagonalization. Here, we give an alternative, more abstract proof

Lemma. A Markov chain P is reversible w.r.t. u if and only if P is self-adjoint w.r.t. <"'>w .e.
(f,Pg), =(Pf,g9), Vf,g:Q->R

For any inner product (+,-): ' X H — R on some space H, and for any operator 4, the adjoint of A is
defined as the unique linear operator A* such that

(f,Ag) =(A"f,g) Vf,g€EH

If  is a finite dimensional real vector space, then A* = AT, the transpose of the matrix
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Spectral Theory of Markov Chains

Let u be a probability distribution over a finite state space (). This distribution induces an inner
product on the space of functions {f: Q) - R} = R" given by

(F.9 =Eulfgl =) u0f(g®

XEQ
We have shown that if a Markov chain P is reversible, then P has real eigenvalues and eigenvectors by an
explicit diagonalization. Here, we give an alternative, more abstract proof

Lemma. A Markov chain P is reversible w.r.t. u if and only if P is self-adjoint w.r.t. <"'>w .e.
(f,Pg), =(Pf,g9), Vf,g:Q->R

Theorem (General spectral theorem). Let 4 be an m X m matrix which is self-adjoint w.r.t. (-,-).
Then A has m real eigenvalues 14, ..., A,,, and m eigenvectors u4, ..., U, which are (-,-)—
orthonormal:

(ui,uj) = 51] Vl,] (S [m]
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Spectral Theory of Markov Chains

Spectral gap of a Markov chain
We can order the eigenvaluesof Pas —1 < g < <4, <4, =1
Let A, = rg1>alxl/1i| = max{,, |4q/|}.
Irreducibility = A, < 1 (Perron-Frobenius)
Aperiodicity = Ajq| > —1
Thus, ergodicity = 4, < 1
Spectral gap y := 1 — A,, and absolute spectralgap y, =1 — A,
After lazyfication, ; = 0Vi € [|Q]] andy, =y
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Spectral Theory of Markov Chains

Theorem (Spectral gap implies rapid mixing). Let P be an ergodic Markov chain on ) which is
reversible w.r.t. . Then for every x € (0 and every € > 0,

Trig(€;0,,P) < 1l !
<\ E, ) S — 1N
mix be Vs e f—u(x)

1/1 1 1
Tmix(€) < —(— In + In —)

In particular,

Va 2 Hmin 2€

where Upin = melgrll u(x) is the minimum nonzero probability under u
X

March 30, 2026 23



Spectral Theory of Markov Chains

Theorem (Spectral gap implies rapid mixing). Let P be an ergodic Markov chain on ) which is
reversible w.r.t. . Then for every x € (0 and every € > 0,

Trig(€;0,,P) < 1l !
<\ E, ) S — 1N
mix be Vs e f—u(x)

1/1 1 1
Tmix(€) < —(— In + In —)

In particular,

Va 2 HUmin 2€

where Upin = rrlelg u(x) is the minimum nonzero probability under u
X

Theorem (Rapid mixing implies spectral gap). Let P be an ergodic Markov chain on () which is
reversible w.r.t. . Then for every x € (0 and every € > 0,

1 1
Tmix(e) = Z -1 lOgZ_e
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Spectral Theory of Markov Chains

Lemma (Spectral Decomposition of Reversible Markov Chains). Let P be reversible w.r.t. u. Then

R admits a basis {lpi}'i‘j'l satisfying the following:
1. Each y; is a (right) eigenfunction of P, i.e. PY; = A;y);. Furthermore, Y, = 1

2. The collection {1,01'}'1-2'1 is orthonormal w.r.t. the inner product (,-},,

3. Foreveryx,y € () andeveryt € N,

P'(x - y) f:
= > ;)Y (y)
u(y) -
In particular, we may express the measure §, P in density form as
d(5,PY) <l

du i=1 .
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Spectral Theory of Markov Chains

Proof.
o nl/2 ~1/2 . s , , .
We know that 4, := D,/ - P - D, ” with D, = Diag(u) is a real symmetric matrix
Let A, Zlm A;0;¢; be its eigendecomposition
Note that A, = DY -P-1=D'?.1 =/ Th let @, =
uu =D, =D, = \/U. Thus, we can let ¢, = +/u

We further observe that P = Zml A D_l/chlgol Dl/2 nd
;1/2% _ ZAjD/,_Ll/Z‘PJ‘P] D1/2 D;1/2§0i _ MD;UZ%

Let y; = D;l/zgai. We have Y, = D;l/z\/ﬁ =1, and
T
(Wiy) = (D"0:1) Dy (D;%0;) = (01 0;)
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Spectral Theory of Markov Chains

Proof.

Forany t € N, we have
10

t
pt — (D;1/2 A, Dplt/z) _ 0;1/2 AL - 1/2 _ 1/2211:%% D1/2

[ Q|

_ D—1/2 th 1/2 TD1/2 111/2 _ ZAfl/Jil/JiT D
i=1

Thus, forany x,y € Q,

10

PiGx =) = ) AP GIRE),

Q|

d5 t
( P) Z/lttp(x)tpl
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Spectral Theory of Markov Chains

To prove the mixing time in total variation distance, we use y?-divergence as a bridge:

— 2 2
cu =y $O@)_§ (“(x) —ZM(X)+V(x)>

v(x) v(x)

du 2 du
= [Ev l(a) ] —1= Varv E]

x2-divergence can upper bound TV distance:
1 1 du
= v3y < Z)(Z(ullv) = ZVarv [5‘

To upper bound T,,ix (€; 8, P), it suffices to upper bound 2 (65, P||w)
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Spectral Theory of Markov Chains

Proof of Spectral gap implies rapid mixing:
We bound the y2-divergence between §, Pt and u:

d(6, Pt u ’
Varul (dxu = E, [( _=1A§‘/)i(x) ‘llJi) ] —1

l

Ql
— 2 A4 0;(x) - <¢i;¢j>u -1

ij=1
Q] | Q]
= R -1=) B’
i=1 =2
Athlnl ()2 A%t Iﬂl< 5.y2
S " (x — z )
izzlpl .U(x)z i=2 Vi Ox #
2t 2t
< (6,,0,), =

()2 ()

March 30, 2026 29



Spectral Theory of Markov Chains

Proof of Spectral gap implies rapid mixing:

A5t

u(x)

X (6Pt |lp) <

t

A which gives
2/ u(x)’ 5

o= () 2o o))
2 ,U(X) A 2€ ,u(x) 2€ ‘u(x) A,
In (i) = |n (1—1;/*) > Vi

1 1
Thus,t = —In ( ) suffices to ensure the TV distance < €
12 26/ p(x)

Thus, [[6,P" — pllpy <

1 1
. (. < —
That is, Tle(E’ Ox) P) < Y In (Zem)
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Spectral Theory of Markov Chains

Proof of Rapid mixing implies spectral gap:
Let 1 be the eigenfunction of P with eigenvalue 4,. Then, ¢ # ¥, and (y,1),, = 0
Foranyt € N and x € (), we have

POl = A5 - (o)
=) P y)¢(y)‘
yeE

= P (x - y)Y(y) — (P, 1),| = ‘2 Q(Pt(x - y) — u()P(y)
yE

yEe
< max|p(y)]| - z PLCx > y) — u()| = 2maxlyp)| - 116,P* — pllry
yeQ VEQ yEQ

Thus, L < 2 meagllchPt — tllpy < 2€if t = Ty (€)
X
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Spectral Theory of Markov Chains

Proof of Rapid mixing implies spectral gap:
Thus, 18 < 2 meaglldet — tllpy < 2€ift = Ty (€)
X

We get that

1 1 1
Thix(€) =1In (Z)/ln </1_*> > |n (Z)/(Z -1
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Poincaré Inequality

Define the Dirichlet form of a reversible Markov chain P by

Ep(fog) =(f,d—-P)g),
I3 0P ()~ FO) (9~ 90)

When f = g, Ep(f, f) = %IExNM,yNP(x_).) [(f(x) — f(y))zl can be recognized as a measure of “local
variance”, since Var, [f] = %Ex,yw [(f(x) — f(y))2]
We say P satisfies a Poincaré Inequality with constant C > 0 if
C-Var,[f] < &(f.f) VvV Q->R

C is called the Poincaré constant of P

March 30, 2026 34



Poincaré Inequality

Lemma. Let P be a reversible Markov chain. Then we have the identity

&N LUA=P),
Var, [f] Fdf1) =0 >y

where the infimum is over all functions with nonzero global variance

= inf
f

This is just the Courant—Fischer—Weyl| min-max principle for I — P

It implies that the Poincaré constant of P is the spectral gap y
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Poincaré Inequality

Lemma. Let P be reversible w.r.t. u. Then, for any v,

x2(WP|lw) < 2% - x2(vliw)
Proof.

First note that for any g: ) - R, <d;vp) ,g>
u

Recall that y*(v||u) = Var, [3—;‘. We have

v dv v d(vP) _|dv dv Pdv Pdv _[adv (I — p?) dv _¢ dv dv
Wu du Wu du | \du'du du’™ dul  \du’ dul — “P°\du’ du
u u u
(PI for P?)

d
> (1 —A%)Var, [d_ﬂ
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Poincaré Inequality

Let P be a Markov chain which is reversible w.r.t. a distribution 1 on Q). For every § € (), define the
conductance of S w.r.t. P to be the ratio

ers,yeﬂ\s u(x)P(x = y) Ergodic flow from S to S°
Yixes H(X)  Volume of S

d(S) =

The conductance (or Cheeger constant) of P is

PP = scailhears ®S

®(P) large, no bottleneck, ®(P) small, trapped within S,
mix fast mix slowly
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Poincaré Inequality

Theorem (Cheeger’s Inequality; Sinclair-Jerrum 89, Lawler-Sokal "88). For every reversible Markov
chain P,

%CID(P)Z <y <20(P)

Trmix = O(@(P)? In piy)
Upper bound is easy: apply Poincaré Inequality y - Varu[f] < Ep(f, f) with f = 1q:
Var, [f] = E,[18] — E,[15]* = u(S) — u(S)?

Ep(f.f) =3 %0 yea kP > Y)(15(0) = 1,1))° =3 Dresyems(REIPG = y) + p(MP(y - x)) =
ZxES,yEQ\S ,u(x)P(x - y)

Ep(f.f) _ Zxesyea\s HX)P(x-y) <9 Yxes,years KO P(x—y)

— < _ -
Var[f] 1(S)—u(s)2 = 2(S) < 2®(P) for any S with u(S) <

N | =

y <

Lower bound is non-trivial
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Poincaré Inequality

- The conductance is still hard to use, since it needs to consider every cut

- An easier approach to estimate the Poincaré constant is the Canonical Path method, which is the dual
picture of the conductance

- The canonical path method considers a multicommodity flow problem on the state space graph of the
Markov chain

March 30, 2026 39



Poincaré Inequality

An ergodic Markov chain P with stationary distribution T «— a weighted graph G = (Q, E)

For every e = (x,y) € Q X Q, we define the capacity of this edge to be C(e) := n(x)P(x — y), the
ergodic flow from x to y

For every (x,y) € Q X Q, we define the demand D(x, y) = u(x)u(y)

A flow f is a scheme that routes D(x, y) “units” of flow from x to y simultaneously for all x,y € Q
f:P = Ryp, where P = Uy, Py, and Py, is the set of simple paths from x to y
Zpesoxyf(p) = D(x,y) forall x,y € Q

The total flow through an edge e is f(e) = Y,ep.cep f (D)

The congestion (or cost) of an edge e is p(e) = 1) nd the congestion of the flow f is p(f) =

c(e)’
max p(e)
e

The length £(f) of fis £(f) = p:;r(lg));ohﬂ
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Poincaré Inequality

Theorem (Jerrum=Sinclair ‘89, Diaconis-Stroock '91). For any ergodic P and any flow f for P, let £
the Poincaré constant y is bounded by
1

Y250

Tmix = O(p(FL(F) In k)

The strategy to bound mixing time is to construct any set of short paths P with small congestions
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Poincaré Inequality

Consider lazy random walk on the hypercube {0, 1}": for every state x € {0,1}", with probability 1/2, stay
at x; and with probability 1/2, flip a randomly chosen coordinate

ulx) = 2—1n (uniform distribution),

Clx,y) = L —— 1 for every x # y € {0,1}",

oN.op  2N+lp

D(x,y) =272n

1
p(F)e(f)

Intuitively, to maximize we should spread the flow between x and y evenly among all shortest

paths from x to y
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Poincaré Inequality

Lazy random walk on the hypercube {0, 1}": for every state x € {0,1}", with probability 1/2, stay at x; and
with probability 1/2, flip a randomly chosen coordinate

n=23
1({000, ...,111}) = 1/8 011 111
Capacity C(e) = 1/48 001 101
Demand D(x,y) = 1/64 1
Spread the flow between x and y evenly 010 128 110
among all shortest paths from x to y
What is £({000,001})?

000 1 100

128
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Poincaré Inequality

By the symmetry of the hypercube, every edge should receive the same amount of flow

Thus, we have

(o) = Yeerf(e) Xy D(x,y)dist(x,y) 272" ¥, dist(x,y) 272"-22"n/2 5—(n+1)
fe) == = 2" - 2"n - 2m

The average distance over the hypercube is n/2
p(f) = 2—(n+1)/(2—(n+1)n—1) =nand £(f) = n

Tmix = O(n? Inugt,) = 0(n?), which is not tight (it can be improved to O(nlogn))

March 30, 2026 44



	Introduction
	Slide 0
	Slide 1: Today’s Lecture
	Slide 2: Card Shuffling
	Slide 3: Card Shuffling
	Slide 4: Markov Chains
	Slide 5: Markov Chains
	Slide 6: Markov Chains 
	Slide 7: Markov Chains 
	Slide 8: Markov Chains 
	Slide 9: Markov Chains 
	Slide 10: Markov Chains 
	Slide 11: Markov Chains 
	Slide 12: Markov Chains 
	Slide 13: Today’s Lecture
	Slide 14: Speed of Convergence
	Slide 15: Detour: Metrics and Divergences between Probability Distributions
	Slide 16: Detour: Metrics and Divergences between Probability Distributions
	Slide 17: Detour: Metrics and Divergences between Probability Distributions
	Slide 18: Speed of Convergence
	Slide 19: Today’s Lecture
	Slide 20: Spectral Theory of Markov Chains
	Slide 21: Spectral Theory of Markov Chains
	Slide 22: Spectral Theory of Markov Chains
	Slide 23: Spectral Theory of Markov Chains
	Slide 24: Spectral Theory of Markov Chains
	Slide 25: Spectral Theory of Markov Chains
	Slide 26: Spectral Theory of Markov Chains
	Slide 27: Spectral Theory of Markov Chains
	Slide 28: Spectral Theory of Markov Chains
	Slide 29: Spectral Theory of Markov Chains
	Slide 30: Spectral Theory of Markov Chains
	Slide 31: Spectral Theory of Markov Chains
	Slide 32: Spectral Theory of Markov Chains
	Slide 33: Today’s Lecture
	Slide 34: Poincaré Inequality
	Slide 35: Poincaré Inequality
	Slide 36: Poincaré Inequality
	Slide 37: Poincaré Inequality
	Slide 38: Poincaré Inequality
	Slide 39: Poincaré Inequality
	Slide 40: Poincaré Inequality
	Slide 41: Poincaré Inequality
	Slide 42: Poincaré Inequality
	Slide 43: Poincaré Inequality
	Slide 44: Poincaré Inequality


