
CS 578 Statistical Machine Learning (Fall 2026) Problem Set # 3
{{Your name}} Due: September 25th

Problem 1. SVM.

In this problem, you will prove that the hard-SVM rule, namely,

argmax
(w,b):∥w∥=1

min
i∈[m]

|⟨w, xi⟩+ b| s.t. ∀i, yi(⟨w, xi⟩+ b) > 0,

is equivalent to the following formulation:

argmax
(w,b):∥w∥=1

min
i∈[m]

yi(⟨w, xi⟩+ b).

1. Define G := {(w, b) : ∀i, yi(⟨w, xi⟩+ b) > 0}. Show that

argmax
(w,b):∥w∥=1

min
i∈[m]

yi(⟨w, xi⟩+ b) ∈ G.

2. Show that for any (w, b) ∈ G,

min
i∈[m]

yi(⟨w, xi⟩+ b) = min
i∈[m]

|⟨w, xi⟩+ b|,

and finish the proof of the equivalence.

Solution.

1. Write
γ(w, b) := min

i∈[m]
yi(⟨w, xi⟩+ b).

By linear separability, there is a separating pair (w̄, b̄) with ∥w̄∥ = 1: simply normalize
any separating pair by dividing both w and b by ∥w∥. Since the sample is finite,

γ(w̄, b̄) > 0.

Therefore, every maximizer (w⋆, b⋆) of the second formulation satisfies

min
i∈[m]

yi(⟨w⋆, xi⟩+ b⋆) = γ(w⋆, b⋆) ≥ γ(w̄, b̄) > 0.

Thus yi(⟨w⋆, xi⟩+ b⋆) > 0 for each i ∈ [m], which is exactly

(w⋆, b⋆) ∈ G.
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2. For any (w, b) ∈ G, the number ⟨w, xi⟩+ b has sign yi. Consequently,

yi(⟨w, xi⟩+ b) = |⟨w, xi⟩+ b| for every i,

and taking the minimum gives the desired equality. Part 1 shows that restricting the
second optimization to G removes no maximizers. Part 2 shows that, on this restricted
domain, its objective is exactly the first objective. Hence

argmax
∥w∥=1

min
i

yi(⟨w, xi⟩+ b) = argmax
∥w∥=1
(w,b)∈G

min
i

yi(⟨w, xi⟩+ b)

= argmax
∥w∥=1
(w,b)∈G

min
i

|⟨w, xi⟩+ b|.
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Problem 2. Rademacher Complexity.

In this problem, you will prove the Massart lemma:

Lemma 1 (Massart lemma). Let A = {a1, . . . , aN} be a finite set of vectors in Rm. Define
a = 1

N

∑︁
i ai. Then, the Rademacher complexity of A can be bounded by:

R(A) ≤ max
i∈[N ]

∥ai − a∥ ·
√
2 logN

m
.

This is Lemma 26.8 in Understanding Machine Learning.
Solution. Let σ1, . . . , σm be independent Rademacher random variables, meaning P(σj =
1) = P(σj = −1) = 1/2, and put σ = (σ1, . . . , σm). We use the definition

R(A) :=
1

m
Eσ

[︃
max
i∈[N ]

⟨σ, ai⟩
]︃
.

Step 1: Centering does not change the complexity. For any fixed vector c ∈ Rm, we
have, for each realization of σ,

max
i∈[N ]

⟨σ, ai − c⟩ = max
i∈[N ]

⟨σ, ai⟩ − ⟨σ, c⟩.

Since E[σj] = 0 for every j, E⟨σ, c⟩ = 0. Taking expectations therefore shows that translating
every vector by the same amount leaves R(A) unchanged. In particular, define

vi := ai − a, r := max
i∈[N ]

∥vi∥2, Zi := ⟨σ, vi⟩.

Then

mR(A) = E
[︃
max
i∈[N ]

Zi

]︃
.

Step 2: Bound the exponential moment of each Zi. Fix t > 0. Independence of the
signs gives

EetZi = E
m∏︂
j=1

etσj(vi)j

=
m∏︂
j=1

Eetσj(vi)j

=
m∏︂
j=1

et(vi)j + e−t(vi)j

2
=

m∏︂
j=1

cosh
(︁
t(vi)j

)︁
.

For every real number u, the power-series expansions imply

coshu =
∞∑︂
k=0

u2k

(2k)!
≤

∞∑︂
k=0

u2k

2kk!
= eu

2/2,
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where we used (2k)! ≥ 2kk! and the nonnegativity of each term. Applying this inequality
coordinate by coordinate yields

EetZi ≤
m∏︂
j=1

et
2(vi)

2
j/2

= et
2∥vi∥22/2 ≤ et

2r2/2.

Step 3: Bound the expected maximum. Write M := maxi∈[N ] Zi. By Jensen’s inequal-
ity for the convex function z ↦→ etz,

etEM ≤ EetM .

For each realization of the signs, the largest of the positive numbers etZ1 , . . . , etZN is at most
their sum. Combining this fact with Step 2 gives

etEM ≤ Emax
i∈[N ]

etZi ≤
N∑︂
i=1

EetZi ≤ Net
2r2/2.

Taking logarithms and dividing by t > 0, we obtain

mR(A) = EM ≤ logN

t
+

tr2

2
for every t > 0.

The random variables Zi need not be independent; only the coordinate signs σj were required
to be independent in Step 2.

Step 4: Optimize the parameter and handle the boundary cases. If r = 0, all the
centered vectors vi equal zero. Thus M = 0, so R(A) = 0 and the claimed bound holds with
equality. This includes N = 1, because then a = a1.

Otherwise r > 0 and necessarily N ≥ 2. The function

g(t) :=
logN

t
+

tr2

2

has derivative g′(t) = −(logN)/t2 + r2/2 and second derivative g′′(t) = 2 logN/t3 > 0. Its
minimum over t > 0 is therefore attained at

t∗ =

√
2 logN

r
.

Substituting this value into the preceding bound gives

mR(A) ≤ r logN√
2 logN

+
r
√
2 logN

2
= r

√︁
2 logN.

Finally, dividing by m and substituting the definition of r proves

R(A) ≤ max
i∈[N ]

∥ai − a∥2
√
2 logN

m
.

□
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